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Republica clavum tenebat o alloguebatur 3 nibil off
enim 5 quod ad vem dici piffic opportunius, quoda
gue animi mei [enfa  vividins waleat exprimere ,
sien:emque fignificanius declarare : Les plus grands
génies de I'Antiquité (inguit ille) , mettoient
le nom de’leurs amis 4 la tére de leursou.
vrages, parce qu'un ami leur écoit pluscher

qu'un protecteur . Un fentiment fi digne de.

vous , eft tout ce que je puis imiter d'eux.
Ce n'eft point a4 votre naiflance quejerends
hemmage , ce feroit mettre vos Ancétres 3
votre place, & oublier que jécris a un Phi-

lofephe. Laccueil que vous faites aux Gens

de Lettres ne leur laifle point appercevoir
la fupériorit¢ de votre rang , parce que
vous n'avez a leur envier la fupériorité des
lumieres. Aufli, non content de rechercher
leur commerce, vous leur temoignéz encore
cette confideration réelle fur la quelle ils ne
fe méprennent pas quard ils enfcnt dignes,
& comme la vanité n'a point de part a vo-
tre efiime pour eux , la reputation ne vous
en impofe point dans vos jugem<ns (4 ). Si-
lentio itaque prateribo geneidfain & [plendidam Ge-
nris Tui mbilitavm, & traciara Majorum T uo-
rum facinora s que catercouin tam amplam arque
ulerem dicendi {egetem (uppeditarenty us baud {a-
cile ¢fjet (raticmnis exitum invenire. Quis enimad-
L iomeria nom iecciar FrAxciscUM Mariay
Pia

.,(;“) Recherches fur la Précefion des Equiroxes par M.

Lralembert 2 M, le Marquis Lomcllini.

v
Prafulem amplifimum ex Equitibus Ss. Manritii
& Lazari o qui flagramtiffimo in Patriam amore
arerna Pofleris & nunquam interitura reliqust mi-
nificentia (i monumenta? Ouis JOANN. JoSEPHUM
Seniorem non admivemsr o astonitu(que  [bfpiciat
qui quum [(apientifime pluribus functus effer am-
pliffimifque muncribus 5 magnamque [ui expeéiatio-
nem cmnibus refiquiffct 5 abdicatis repente Ecelea
[fiafticis Dignitatibusy animo ab ambitione invitlo,
nec vane gloriole (plendore olcecato optime & Pa-
trie 5 & Generi [uo confuluit 5 ne nobiliffime Fae
milic germen imeriver ! Quis MARcuM ANTO.
NIUM , JOANN. JACORUM meritis wvaleat landi-
bus cumulare ? Namquc virtus apices quodammodo

fios asrigerit neceffe ¢t 5 ubi in {ui admirationem

vel ipfos poreft adduczre wviros ‘Principes . Nomne
Francifcus Dux de Oratoie ad Senatum Venetum
(bunc awsem cum neinino 5 Majeflaris & amplitu=
dinis Domicilium cujufcumque ob ceulos obverfarur )
ciigends quum agerctur 5 in MARCUM ANTONIUM
confecit oculos 2 Hujus Urbis 5 & _Arcis cuflodia
quanti tunc remporis effe, novit quifquis in ejuf-
dem Faftis non fic omnino bofpes & peregrinus .
Hec tamen nonnifi aleri demandats eft . Ouam
vero Hic [ibi comparavit landem amore o equita-
te o prudentia o caterifque dignis Moderarore do-
tibus o quantum per Deos immoriales anxit 5 am-
plificavic JoanN. Joserrus Junior Preful & ipfe
ornatiffimus , non in una aur alera o fed in plu-
ribus Pontificie Ditionis Urbibus | Eenim gt~
viffimis [ui regiminis quamvis diftentns cm’t} 5 70N
ecus
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tcus ac-fi cogitationes [uas omnes, ac vitam ivfam
. R 9

ligseris devoviflee o [umma wereris Lijlorie utilita-
te innumera ¢ fin & [qualore rivocavic antiquitae
tis monwmenta o iffque in Twue Doinus veftibulo
confticutis commonfiratum omuibus ¢ffe veluit o bo-
snarum Arsium Cultoribus iplam diw noSuque pa-
weficri . Plura alia [plendidiffimague poffem com.-
memorare nobilitatis infignia , nifi compertum babe-
Fen 5 me ad Pilyfophum [cribere oy qui

Ligenus, & proaws, & quanonfecimus ipfi
Vix ea noftra vocar (a)
Srequentibulque interdin ufirpare folet (ermonibus
avieam illam Juvenalis [ententiam i
cooeer Miferum ¢} aliorum incumbere fame ,
Necollap(a ruant (ubducdis teta columnis ( 4).

. En'mvero quuin nobilitas nibil aiind fit 5 quam
L0TRIta VIrtUS o quis in € > quem vererafcentem
Videat ad gloriam o generis antiquitarem defideret ?
{c) vt filentio non premam que tus fun: » acre
ingenium & peracutum o vividam mentis aciem ,
mirabilemgque wemorix celeritatem quibus €o jam
progreffus es, ur de abflrufioribus philofopbicis” di-
Jeeptationibus pofis & ornate dicere, & copiofe dif-
ferere 5 & perfpicue, illuminate , diftinéle pronwn-
ciare [entensiam . Namgque iljud in Te fingulare
prorfus eff 5 & eximium, wr qaz in “Pbilofophicis
prafertim Scientiis cpteri [(imma animi contentione o
smpigro labore 5 dincurnis fludiis vix, aus ue vix
quidem adlequuintur o Tu ea veluti par ludum fo-
cuingns & [ubiiliffiine excurias 5 & explanes acutif-

Jim:z,

) ovidMetam XL (2) Juven.Sac.11L, (<)Cic.ad Hirtium

. vii
fimey nibil ut demum videatur tamabditum alte.
que pofisumy 5 quo acumen Tunm non poffic enivi .
Teftes bujus rei funt locupletiffimi & qui Tecom  famn-
diw familiarirer verfanur 5 & ego in primis o queny
non uitimo babes loco imter Tuos 3 mibi enim an.
Jpicato prorfus coiitigit 5 ut Tecum'y queny antea fu-
picickam & wenerabar ¢ linginguo, modo confuncli
Jime vivam . Owid wero de politiori Luteratura Poe-
tice prefertim dicam o in qua tam mirifice excellis,

Ut Mufarum quafi in gremio educatus videare ! Ex

Sbant Poemata Tua latina o & vernacula que Hiras
tiano deduita filo o & ad nobiliorum Poctarwm iucer-

- nam elucubrata Peneres vmnes § Gratias s & Lepores
‘redolent 5 & drvite quadam (ententiarum verborum-

que copia auves flaminis inflar exuberant . Hec whi
¢ Jormiis 5 quibns eadim premisy in lucem exibunt
@ bonarum artivm Cultoribus quanto expectata cupia
dins 5 1amto avidius [ufcipienda o in aperey ponent ,
& quancus fisy & quanta polliceri fibi abs Te poffins
clegantiores littera o Ji vacuo 5 ut foles tranquil -
que animo pergas eifdem vacare . Ouid vero de
morum fuavitate dicam o qua Tibi omminm animos
adeo devinxifti y wt nibil Tua confuetudine antis
quius babeans 5 cumque in omnium oculis babites o
vmnium delicium effe videaris 2 Quid de liberalitate
& munificentia prope [ingulari s qua calamitofis bo-
mines miferiis, & cgeftate afflictos tam benevole (ub-
levas o nibilgue negas petentibus o immo hortaris
ut pecant I Quis Te cum wite [uavitaze [everior?
Quis cum ingenii venuflate incorrupiior? Quicquid
Tibi fuperet o anmt ex domefticis negotiss ,lxm ex
itiea



viij
litserarum (Iudiisy quz prima [emper apud Te fue-
gunt 5 id totum concedis temporibus amicorum . Sed
nolo in laudes Tuas liberius ex(patiari  quum lan-
datore non egeat qui omnium meresur encomia. Enima
wero quum effe, quam videri bonus [emper malusris o
quod de M. Catone teftatum reliquic Salluftins 5 ni-
bilgue recle feceris, we fecife videreris 5 alaudum
T'uarum (ermonibus mirifice abborres ; atque binc
fit 5 ut quo minus gloriam peris 5 €0 magis adfequa-
ris (a). QOuod [upereft , illud eft , utTeobfecrem,
ne boc qualecumgue munufculum aliovultu (wlcipias 5
quam quo [oles emnia ; meque ea foveas bumanita-
te o qua Tua virtus omnis condita et . Hoc igitur o
quudcumgue ¢ft 5 aqui bonique confule . Me Tibi to-
tum, librumque meum trado & offero, & coquidem
animo 5 wt Tua virtute, non fortuna comino-

vear .

{a) Sallus, De Bello Catilin, §.LVII,

DE FORMULARUM °*
QUARUMDAM TRIGONOMETRICARUM
INTEGRATIONE
l‘: * * * *. *ll l"(l l* ..x.:’(_u_ W

OPUSCULUM L

hj\: Uum Regiz Berolinenfis Academiz
Q g Commentarios paucis ante diebus vo.
SRR lutarem, incidi in eximiam Differta.
tionem immortalis Leonardi Euleri inferi ptam:
Recherches plus exaldes fur leffes des Mouling &.
Pent. tom. X11. Hiff. De I Acad. Roy. des Scien.
& Bell. Lesr. année 1756. In hac Diflercatio.
ne infrafcriptz formule ira integratz efferun-
tur . Eft w arcus radio ¢ defcripti.

_ de

T N— == L tang (s5°+1.)

cos &

de fine :
‘2 S———-—= ol Ltang (4S°-l--§-n)

cos @3 200s @3

3 S . =L tang (fs"-o.”-:-., ) —_r

fin i)’cog‘) fine
d ® cos © T
4 - ——
fin o9 ’ 3 fin @?
do cos 07 3 ]
S T —— T
L
fin e sfin @7 3fin &}

de
6 § = :
= Ltang - .



2 ANALYSEOS SUBLIMIORIS
de me2 dwe cos @
-~ ——— —— e e
/ S ﬁnum m—1 fno" m—xxmwm '

Harum formularum integratione prius ab-
foluta , propofui mihi Formulas quatuor o-
mnium maxmme catholicas , qua alias omnes
complecterentur , nimirum

dofine®
S
cos ©
de eos P
1L S—-————
fin @ "
IIIS d ofine” cos &

de
IV'S fin o ncose:m, n qulbus CXPOHCI](’CS m P

funt numeri pofitivi, & negativi , integri, &
fracti, atque etiam nihilum, feu o. Sed an-
tequam ad iftarum Formularum integratio-
nem accedamus, prazftabit Eulerianas formu.
las exftricare, ut multiplices viz , & metho.
di ad eandem veritatem perveniendi eluce.
fcant. Efto itaque

LEMMA A I

Int bini arcus radio 1 defcripti @, o3 erit
tang (O==0) == wungo-um:® Pemonftra-

t—tzng @ tang @

tio paflim invenitur apud Analyftas.
Co.

OPUSCULUM I 3
Coroll Sit¢"—@ eritque tang 2 p=—=2ureo
e —r g | q L g _7_’_:;;;&?‘

LEMMA IIL

SIt tangens arcus fimpli — a, arcus fub-

dupli tangens = X; erit x ==-: «/ 741
]
D E M.
Ex Coroll. Lemm. I. habetur a2 =— 2x__;
I =X
ergo x* ==X — 1-—0; unde erniturx =—
— 1 */31*1 Q E. D.
a
L EMMA IIL
dz___.  — z h
= frmmouen — l 2p—2
1—z? 2p—2 xl—zzp—x ;T:
dz
e A
1—2?

Exponens P eft integer , vel fratus , vel
compofitus ex jntegro , & frato, &ec.

D E M
: dz
=T = =2 1 C
. 1= I_z; p—1
z
»=1 ,in qua zquatione M eft fun-
I~z

¢tio ipfius z poftea determinanda , C quan-

titas conitans invenienda . Faéta differentia-
tione Crit _d__z_ - d MX‘ —2* 42 p—;XMzdzf
e =7
1=+ """ yundeeruiturdz=— o
A 2 —

Cdz



4 ANALYSEOS SWBLIMIORIS
—z*dM ydM § 3 XMzdz — Czdz ¢
Cdz. Supponatur modoM=pz" +E2"... }
Hz* } Az B; & differentiando erit
dM=np2"""dz } n-, XEz"*dz...... $24-
zdz } adz; factaque fubftitutione valorum
M, & dM in zquatione fuperiori, ordinatil-
que terminis, & nihilo zquatis, prodit
—NDZ= ' — . T XEZ"......2HZ —AZ }
7—XBz } A } =X pzh} i YElt
noz""' ...} P2 XHZ } Te—: XAz }
2Hz } C=o —Cz

—1

In hac aquatione inftituta de more coef-
ficientium fimilium comparatione , inveniun-
tur D,E .... y H ulque ad A nihilo @quales.
Prodit vero- A— _: C=1z22~3, B=—o0;

M 2p—a .3 2P 2
— z . > o
ergo = Z—; proindeque
dz — z_ Bk dz
. ——— - =1
-2 2p—2 X -z ® 2p—a 1—7-29 !
QED. '

His porro in anteceflum conftitutis Eule.
rignas formulas ad integrationem ita revoca.

mus. Efto prima

. Sit x cofinus ar-
cos @

cus . 5 critque de —drx
. cos w — x '/x_xz ,ad
quam integrandam fiat de morey’,_;= =u;

& inyenietur —Xdx=ydu, §— zdx —
Xz
———dx o~udn g den?quc mdx
x 1—uz x«l;‘x’“ —
' dy

——

OPUSCULUM L s

—du__ Hinc S —dx__ :S do
2 XV'Ii__x* °

I —u o5

vT¥u ;acloco ipfius u, v 1-Xx* {ubrogan-
Loty P g

I—u

d‘o,proditS de Ty T

I ™ x
€0s @

— —_———— I

7__;—;¢ 1 __—_'\2 -
L:# /7%, Jam quoniam x eft cofinus arcus
X g - — .
w, erit ;= finus ejufdem arcus, &Y== ipfius
X
arcustangens ; proindeque tangens arcus dn_m-
dii, fcu.’l o( Lemm.i.) prodibit == fl,.Hmc
=

quoniamarcus 45° tangens = 1,erit (Lemm.a )
tangens(45§+@)= 111 — x

s

/I-Xz
1—1 ¥ x -
TVi-x®
Iy b "T‘T;__,“IT:T“:; ergo 4
‘/’,—?X_‘/t-——x —_—— cos @ T

L.svi=x*= L tang (45° 1 + ») Q. E. L

cholium 1. Naulla hic additur conftans )
uia evanefcente o prodit Ltang (45° 1 2w)=
tang 45° —— L 1 — o.

Efto nunc formula altera S% Sumpta

ut {upra x procofiny arcus » erit S .

cos w

=—=dx____ fa&aque Vo —xt=U, obtinebiﬂir

X}V 1 —x?;

— dn ‘
ST =N ——1 Eftautem(Lemm.111.)
I~ u

A 3 Sdw



6 ANALYSEOS SUBLIMIORIS

dw U du
— —at3 o=
2 Py p—
2X 1—u
1= u

l/ T —x 2 X S—dx

% — fi 1

2 +: x‘/v—*x‘——.-’z_(‘:;%{;Ltang
(45° T %w);crgo .__d_‘i__z___ﬁn o

L tang (45° ¥+ 1 ): QE L
Schol. 1. Nulla addenda eft conftans, quia

1
2 cos &2 t3

: fin T
evanefcente  fit ——%  } 3 L tang
(45° 12 w) =0.

de

Eﬁo formula tcrtia T fin @2 C0S @ Fa&ls

iifdem ac fupra {ubrngationibus erit hxc =
;i_x__ . S dn e
"X"-—-X"’:‘ = u"Xx —n

Sdu X . d x SRR L1 R
2 u xl/l—xz V a

I —1u

Ltang (45°430) -7 t 0. Q E 1
Schol. 1. Conftans ¢ invenietur fuppo-
nendo w = o, & predibit ¢ = oo adeoque

d e —
3 - Q0.

fine cos &

' Supponimus enim tales efle hujuimodi for-
mulas, ut evanefcente arcu & ipfz evane.
fcant, quod interim adnotetur.

Efto formula quarta S-.'L“’_"‘_‘- seritque ==

fin
S.x

OPUSCULUM 1 7
S_xdx ..._Sdu..—__ 1

s .— —“;"'..—-"—

a3 4

r—~x 3 u 3u

B —71 4 €1'go .
———, = 5, g ; dﬁ’c.c,\s: —
3Xl_x: 3fine fin &
—_—
JS. S

3 . Eo I-

s teQ

Schol. iv. Hic quoque prodit o == oo; ad-
coque decos» = — 0O,
q.
fin &

Efto formula quinta S_"_if_"i_‘i;eritquc::

fin %

¢ O.E I

d w3
Schol.v.e = co-00=0; ergo S oo

1 — 1

sfnes ¥ ThoC

Efto formula fexta S de ,quzaquatur
fin®
S:_d__!,_ L= — L=x
- ; VT4 x ’—“V/x._.xi
), m——_ t3aNG
Jam ex fupra demonftratisy " > — 7 °°

A 4 1w
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8 ANALYSEOS SUBLIMIORIS
i dior. Sed antequam harum
d integratas progre . 4
T@; Creo ‘TL = L uangiot s QEL integrationem aggrediamur, fequentia Theo-
n - . .
Schol.vi. Fadta ¢ = o prodit ¢ — — remata pramittere oper pretium effe arbi.
. tramur.
Lo==- X~ 00=00;proindeque {, _¢ *— 0.
fin o THEOREMA L
Eftotandem formula poftrema e, SL ndg _ zt: __ xneam
o . fin o — T T B TTT Joati .
quz fubftitutione fata degenerat “in sEbz s km X oz Pei1x m
—— dx —
S_w._.m + . Ut formula hch $X S Mdz
'I__xzj‘ ¥ —‘—_“ ~xz —'—~; ,*bzmp—!
ad integrationem revocetur, confefatur cum DEM
formula Lemmatis 1. S dz .
_,2 eritquep=g Supponatur S dz — ol T
. £ b mt =
mt‘l-; &quomam(Lemm.m.) Sag__ S ) 14 bz™ 14b 3
p = z d 2 - Y .
‘ - ”‘—-*’:L, 1 b.m ot 5 11 qua zquatione M defignat

functionem ipfius z determinandam, C & h

Z

o ——p—1 R d ; -' . . N . -
sp—a X 1—z2 i 2p =3, Y —==pmy; CIE conftantes inveniendas. Fa&ta differentiatione
T—2 obtinebitur z" d z ==
—d x : ==-===r;—
S—"’—";mfx == = _ ) . ; l*bz‘m ,
F - X% 2 m = - —__.__&_n; . Xit+bzPe .3 bz P TdzM h
Xy me TRl Toambs DMy,
—dx - 14 b omf . 14 b0 P 1y
’—I:Tm_z—_; = ‘”“?(‘L‘L.,n__.;*__i:_z___ feubz™dmM}d M—.p—iXmbmz=-: dz+Cb-
i BT A e e z*+°dz1Czhdz—z"dz=—0. Jam hzc =
TTaA T QE T quatio fubfiftic y fi M fit fimplex poteftas
in @ - e iplus z, ideft M — A z*; fata cnim fubro-
Abfoluta jam Eulerianarnm formularum inte- gariones o ghiatio fuperior in hanc degeners-
bitrbaz®™t:-1 trazi=te—. p—1XmbAz-

gratione, ad Formulas quatuor canonicas 3
Geometrarum nemine hactenus, quod fciam, mt:i-rtchbz™#*fcab~z"=0, Porro :.8{: » pof-
; unt

n-



10 ANALYSEOS SUBLIMIORIS
funt ita determinari, ut tres zquationis ters
minirbaz®t:— —, p--1Xmbaz™t:—Cb.
zh4™ aliiquetresraz *~*,Cz** —z"eandem
ipfius z (potc(tatcm contineant. In hac autem
hypothef1 erit m{r—1—=ht{m, feur—1=
h, & h=n, adeoque r =n 7 1. Itaque factis
h — n, &r=nt1obtinebitur, quod peteba-
tur, & zquatio ad duos terminos redigetur
7. Xba—.;- XmbafcbXz T"
X atc—iXz =2 & coeflicientibus
nihilo zquatis invenientur c, & A, fcilicet

R e
A= =—=7¥ m,¢— P,:_‘K_"_'_:ﬂi, hincM =

p—F ——
P - xXFn
Azi "zt : .
. ac denique § 'z " d z
p-me, :
M ) _’xszmp
I'szmp—x Fe S_Z.‘_‘_d.f_—-—.... zn*"
A T S ey
tep—: Xm—n—' 27d 2 N
— ————— epgeii—
=¥ i Q E.D.

THEOREMA IL
Eadem formula S M ods

= invenitur et-

. 1 _*. bz m -
fam =zqualis — 2 -m+: ‘n—mis
T e e L G

z n—-mdz
T——

1 t.bznnL—I

DEM.

-0PUSCULUM I . 34
D E M

~ Equatiobz”dmtdM—.p—:Xmbyz™~*
dztcbz*+"dztcz*dz—z"dz==oinpra-
cedenti Theoremate inventa fubfiftere poteft
etiam ubi r diverfam quantitatem defignat,
{cilicet ubi M —a z * diverfam exprimit ipfiusz
poteftatem. Itaque in zquatione alterarb a-
zmfr—t —.p—:Xmbaz"t~'tcbzht®
~z74: Az""'fczP=o,r, &h ifa determi--
minari poffunt, ut quatuor- priores zquatio-
nis termini eandem ipfius z potentiam com-
plectantur, & eandem rurfus contineant re
liqui duo. Prodibit vero mt r—1 —htm,
r__1=—h, &hftm=n,feuh=n —m , &
r=—n— m+1. lnventis porro r, & hzqua-
tio duos tantum terminos comple&tetur , ideft
n-mtf1—. =X m X bATCb—IXZn 1
honmtmmetu——— X Z n—m __ )
n—mi iXa Fc =0
Ex hac autem zquatione ( coeflicientibus

nihilo 2quatis ) obtinetur A== b m Xs-1 2

& C—=n — mT 1; ynde ftatim eruitut

b m X,
S z"dz M
1Tbz™ 1tbz™ *7 Te
SZhdZ' —zr-mit
1tbz= p=1 — bm)X;=—XT¥bz" T

n-——m-{-;x. S.Zni-hdz__u ‘
bmyi s = Q. E. D.

1 T bz™ Corolle



1 ANALYSEGS SUBLIMIORIS

Coroll. Ex hoc Theoremate ecruitur illius
demonftratio , quod magnus Eulerus inde-
mon(tratum relinquit in Commentariis Pesropo-
litanis tom. v1. De vonflruétione JEquationis diffe-
rensialis ax"dx—=dytyydx. Theoremaku.
lerianum eft ejuimodi S z0udy

i

fbz#’ T =

et

6—1.p%1

——-—u—.’———,.ta.—l 0 o . ’

bp.vfa-‘x.iszﬁ T hl:—"ii-_r
brp.yte—

—

ey
= Comparata Euleriana formus

,-}-bz agd
z°dz
T (] i
la S__Z__.._ dZ gm noftra S ===, ob-
—;—;::—,.i-e l..}.bzm
tinebitur n “"e s, p=rT e, m==u; proins
z"dz

deque quoniam (Theor.1r.) S _—
mP

I+bz

zn--m-{-,

p_,fm-mi-: z"-"dz

bmep-—-IX;me Cmye S

l'f'bzmp 19

facta exponentium fubrogatione ,S zOudy
————

R e —————
e 2. @ =1 ¥y 1 bzp’f.

prodibit — |7, ., fe - et e-x

—1e 1 —
temr vt § o=rm
bp v 10-1 ——

11 ba M’T Q-1

TH EO-

‘OPUSCULUM L )

THEOREMA 1L

h
Pz z 41 bmr
J.4b2" h 14b2™ htx

. h+ mdz
z dz

Ex Theoremate pracedentieft S—;::;-p::

D E M.

n_mee I n~m+1 2n—m dz

bm X;P':?-X 1+bzm”p—-t 1‘ b mx pTI +b 2™ g

unde infertur P . nmdr
A Iszmv—l n—m xx szm‘ ™z

}oom X5+ S 242 —— , Conferatur mo-

n-—m{x xszm

do formula , r—mdz  cum formula
1$b2™

h
S = T2 Cntque n—m== h,p-1=r. Fa‘

14 bam
&ta ergo exponentium Subrogatione patet quod
dz ———

propofitum ¢ft ; erit nimirum § Z=——

-1

14bz™
z b1’ bmr ~ztfmdz
.hfxqu.bz_'m £ T"—h""w J:tbz ™ i
Q E D
THEO-
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THEOREMA 1V.

Sz bdz _ rm 2bdz
405 rm—h—1 Sﬁzx‘n TEe
—z bt
rm—h—1Xif bz *
D E M
Ex Theoremate I, eft S

z*d z

1fbzm P
% " 't'__‘_ p—1 Xm—n—1
mXP—-xXbez"r’ T P__f Xm
Si___d_——:—:— ; atque inde infertur
1t+bz= P—I _
Sz"dz p——-IXm__ z"dz
11bz>™1 7 p-1Xm-na 1Tbz= '
-zt

p-1 Xm-n_1Xitbz" ? proindeque factis
h d yA rm

. z
n=h, p-1=r, orlcturS Sy

L4b2™ " rm—h—

TNt
r¢bzm tta I m-h-xX‘bemrQB'D'

Accedatius nunc ad Formularum integra-
tio-

OPUSCULUM L 15
tionem . Sumpto , ut fupra, x pro cofinu
arcus w radio : defcripti, prodit

I de fin 0® —dxXT—=x =

= ——
cos w ——
dwcose™ —x"dx
’ fin o™ 1—Xx? mtl
2
Y —
III'Sdg ﬁngncogu —S-xmdxxbx; Hz!
IV dw S .dx
o w- cos waT e P ™ X, 2 —"—,L'—
Efto itaque

PROBLEMA I
Formulam I. dwfine® integrare 5 quando

cos o M
exponentes = , = funt numeri integri , (Iv.c
pofitivi , five megativi , atque etiam nihi.
lum
SOLUTIO

gt %find — _ axxir - am.
cos @ ' xm.—.——

vero ~=dxy 5T 221, quando m, o funt nu.

2

m
X . .
meri integri, five pofitivifint , fivenegativi,

atque etiam nihilum, facile pernotas rcgslas,
a
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ad integrationem revocatur. Vel enim s par

eft, vel impar. Si n eft numerusimpar, n-1
11 - 3 n— gy H M

erit -par ; proindeque =X Cl;lt numerus intc-

. ——— _n—tI . .
ger ; hinc formula —ax Xi-'=75 crite veftigio

B

xm

infegrabilis elevando .- ad poteftatem inte-
gram —r . Si vero n fit numerus par,
r=rerit fractio & 7= S erit quantitas
radicalis » qua tameén protinus eliminabitur
facka de more v i=xF == 1—z.X; quo facto
obtinebitur integrale per regulas notas; id.
que facilius eructur ubi exponentium alteru-
ter n, vel m fit nihilo zqualis ; quoddﬁ uter-
X

quefit == o, formula abibit in han¢ ==——

1~x %

cujus integrale eft arcus @ , ut patet . At
quoniam communis hac integrandi’ metho-
dus , ubi 2= eft fractio , laboris eft , ac

moleftiz plcxnifsima » praftabit methodum fe.

quentem adhibere.
Efto itaque eadem formula —%*X; =2,

met——

m
X

cujus loco feribi potelt —x ~™usx . In
2
1—=X

1 il

2
hac gutem m vel minor erit binario , vcl
major , ({upponuntur interim m, & n pofi-
tivi) . Si m eft binario minor , vel erit 15
vel nihilum . Ponatur ergo primo m=1I, &

for-

_ DPUSCULUM L 17
formula mutabitur in hanc —x" "4,

2z I—n

I—X
2

quaz per {ubfltitutionem fimpliciffimam
Vit — it i
x* = u, abit in u*du quz nullum
» I—u*
negotium faceffit . Ponatur fecundo m —o
: VY
eritque formula — dx ; quz con

feratur cum formula Theorematis IV,

h
2'dz ..
=t —sErqueh=o, r= g,

m = 2, b —=— 1. Eft autem ( Theor. IV.)

h

_‘____d_i__....__=‘rm ‘Szhdz

-_m rtm—h—p e ———

"i'bzm m=h —g x*bzmIT!
___Zh =

lm-h-lxaszm

v .« Ergo faa fubftitutio-

-—d‘
ne erpe S =T = =4 3."._—.).:;.
. .__..—-——-4__n =

=x 2 P —-x 2

B —_X
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—X k
N =T
—— s — S*dx
nXI-—éﬁx 2 a3 ~=—n

2

i

—_— X

il —
ion A= de fin'™

nXI—*—X;l 2 .

—cos v fin @ """ - Rurfus ex eodem IV.

n

e, N1 ]
Theoremate erit ~— S dofino'=r—

—— —
n—I1 S dx —-— n~1Xn—;

——_!—n,—- Stvter——
n I—Xx*" 8 X am— 2
—dx —TEay,

I___xl _s:n nxn_zxx_xil—_-'“n-—-—

a =

n—-IXn—_Bdeﬁnan-t—.

nXﬂ;-z

n—lXCOS&).ﬁnwn_;- .:L..
: :Ergo S z1-n

» X 7=z T=x7a

o PUSCULUM 1 19

.
- ne=3
d o fin 9w cos & fin @ and
Ot t—
o

n
-
n — 3 Xcosoﬁﬂ r

+ Eadem ratione 2quo-

niam ex hypothefi n eft numerus par, ufur-
pando femper idem IV. Theorema, obtine-
—dx

1 -0

ey
1=x* 3

bitur integrale formulz datum per

finum , & cofinum arcus w , & per arcum
iplum @ . Sit ex: gr. n =2, critque

dy Nt o
—_—— = de fino™ .
1—Xx*"3 n

) n~z
cos w fin o
T

n=4, eritque S.:E___ ey
a
-X

1*~=n ', ——————e— 1
x 2 nx n=a
[ L 'Y Ne=g .2
Sdﬂﬁno o c08 & fin ® e fmy Xcosoﬁnu 3
S ——— i —y
a —
=

— 3 T

= ¢ e—gemsefne’ 1 coswfine; at

que ita porro.
B 2 Po.
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Ponatur modo m binariq “major , qui vel
par erit , vel impar ; igh utroque autem
cafu ope Theorematis 11§ ervecur integrale.
Conferatur €rgo formula., Theorematis I1L.

zbdz -x " "dx
. ST Cum form lla 1—n ;

kb ™

t2

2
1—Xx

. ‘ ]
Fritque h =—=m, r = L=l 4 m=—2,b
— — 1. Hinc quoniam ( Theor.III.)

> h ht m
-Szhdz — bmr VA '* dz

- it l*l

—_— ¥

!-sz“" h-t.l 1¢4bzm
zhis ’ )
— > falta fubrogatione. ene
h $1: X 14b2™
—i-8  — —_n
I—X 2 I—m x—x; 2 -
Y - m -—
* X Be—1 duﬁn»n‘ ?
VY= = =X
!ﬂ'."IXS-x Py 1--mM cosw - o
fpe . Rurfus ex eodem Theore-
e mezx
m X Xcosa

ma-

OPUSCULUM R 21

n—Ix Bl
mate prodibit S.... X dx
I~ m -

—— 3—n
Te=X 2
RS —— '
— — m
n |Xn _’-S—x dx .
s n ‘
x—mX3_m rex?t a )
— 3-m .
n—-xXx
— . Itaque
— ——— a =
m—;Xm.-;Xx..x 2
—x dx  a n-—xxn'—l T
7 r—a T . e
1-X 2 m—me—} 1=z Sln
1.t
X
— n"‘.Xx;—m
» X———‘; 1~ n —3 n:
1 - s : -
‘m— 1 Ar1Lx 2 m-IXm-.;x:-x 2
— s ne—4 -—
u.—IXH—J X dofino ﬁer.v,n )
fomes s~y p——— m =4 —_— .
.m-;Xm—-; cos @ m=1 m“:nx

~.n—xXHnun_s . -
—, - Eadem ratione ufut-

m — :Xm -3 xcosn

pando femper Theorema II1 numero vi-

clum =12, fi m eft par , & vicibus 2

fi m eft impar , obtinebitur integrale for-
B 3 muele
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Rl 4]

mule dx
———— " —a datum per finum ,
Yy —X 2

& cofinum arcus @ , & fupererit

S — dx , quando m cft nume-
——————m ¢ 1 —n ’

k3

I'—x 2

-
rus par 5 yel S_—_}__,‘_i},___ » quandg

X - X

m eft impar . Jamvero , im =1,

—dx
—nio. —=w; im>n, i
I — X 2

m } 1— n et numerns pofitivus , tunc

o m$ 1

O ——

—dx .
S — dabitur pet finnm, &
 I—X a :

cofinum arcus w , & per arcum ipfum o ,
modo adhibeatur Theorema L Si vero m

< n, fivye m } ¥ — nfit numerus nega-
tivus ( hic emum femper {upponitur ppar),
tune

OPUSCULUM L 23

tunc adhibito Theoremate 1V. dabitur rur-

—dx
fus S m4:-n per finum, & cos

2

I—X *

finum arcus w , & per arcum eundem
Quod vero fpectat ad Formulam

—x dx
S -z 5 a qua pendet propo-

I— X 2

fitz Formulz integratio, quando m eft nu-
merus impar ; hzc per fimpliciffimam fub-

ftitutionem v/ | _,* = u degenerat in
—mé1rén
u du

, quz , ut conftat , facilli-
1—u

me integratur , & 2 logarithmis , five ab
hyperbolz quadratura dependet . En igitur

FormulamI. ¢ o n o® integratam in cafibus

m
€5 &

omnibus , in quibus m , & n fint numeri
integri pofitivi . Confulto omittimus cafum
alium , quo exponentium alteruter , vel
uterque negativas alfumitur, quia tanc For-

B 4 mula
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mula 4, 4, " mutatur in aliastres inferiusin-

m

cos @

tegrandas . Si enim negativus fit m, For-
mula fuperior mutatur in do fin ©® cos o™ 5 qUZ

congruit cum Formula IIL ; fi negativus
d o

fn
.ﬁn © €0s om ? qux
coincidit cum IV. ; fi ambo fint negativi,

fit n , mutatur in

m
d @ €05 @

abit in . - s qua revocatur ad Ik
mn e '

1
Ergo integrale Formulz I. ‘iﬁfiim femper
€Os @
invenietur , dabiturque per folum cofinum
arcus », quande n eft numerusimpar (qui-
cumque fit m ); dabitur per finum arcus
@, & per finus ipfius logarithmos , quan-
do n eft par , m=1; dabitur per finum,
& cofinum arcus w, & per arcum ipfume,
quando n eft par , m=o; dabitur per fi-
num , & cofinum arcus » , & per arcum
eundem © , quando n eft par , m=—2;
dabitur pariter per finum , & cofinum ar-
cus @ 5 & per arcum ipium @ , quando n
par = m ; dabitur rurfus per finum , &
cofinum arcus v, & per arcum v, quando
m par > n pari , vel m par < n pari;
dabitur per finum , & cofinum arcus . ,
& per finus ipfius lcgarithmos , quando n
¢fi pary, & mimpar 2> 1; dabitur tandem

per

- @PUSGULUM L 25

per folum arcum . , %uando m, & n funt
nihilo zquales. Q. E.
Progredior nunc ad integrationem For-

mulze IV, d¢

fine cosw

pendet ceterarum integratio . Efto itaque

-

» quia ex bhac partim

PROBLEMA IL

Formulam IV. 2= integrare .

a
finw cosé

SOLUTIO

Ef < U‘; n = —:;’ m$x ‘ ]ﬁ“
x XL.x*

fin & cose £

—dx protinus integratur per no.
X Xext B

tas regulas, i m fit numerus impar; adeo-
gue m*: numerus integer , vel etiam per

Theorema I. : collata enin_x formula |
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N . ;1
—_ d x z dz
—X d cum formula i
e 111 + 1 m P
Yy —xr 2 1+bz

13

¢
1. Theorematis , fa&tifquen=—=-—n, m=—2,

p=rts, b = — 1; prodibit facta compa.

-—n - n * I
jone §oE dr __ — Y=
ratio —is X m b
-~ I—x 2 me—1 1—X *
m "' n—2 q-—x—ndx —
m — 1 -~ som—1 T
I — X 2
-3 mé4n—2 de
———, . - Bei mes “' —— m-z. R4
m—-xXcoso fin ® m—x fnep COS®
atque ita procedendo invenietur
=y ,
—X x
===, data per (inum, & cofinum arcus g
1—Xx 2

& per S ~x "dx ,qua per notasregulas ftatim

I—x -
integratur . Si vero m fit numerus par ,
mbr erit fractio , continebitque Formula

quantitatem radicalem . Tunc vero vel erit
: n bi-

OPUSCULUM L : 27

n Binario minor , vel zqualis , vel major.:
Si n eft binario minor , vel erit == 0,
vel = 1; fi n=o0, Formula mutabitur in

S—-dx

I—X <

» quz per Theorema I

dabitur per finum, & cofinum arcus o, &
per arcum ipfum , ; fi A=1, formula

abibit in S xdx :
=T ,guacpcr{ub-

’o——‘
,1-—X 2

e e
m ———

uXi-

per notas regulas facile integrabili. Sin—2,
vel n > 2 , comparata Formula

flitutionem ¥~ =u,fit= S du

] —n
S —x dx cum formula C b,
. =4

2 —V g
——

I—X - 3 =~ b

Theorematis 1. erit h=—=—n, r= ot

3 Ed

m’ =2, b—=—1; hinc quoniam(Thcor.mQ)

Szh
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Y h¥1:
z dZ _ z
—— —— g [
:['l'bl?f1I ‘ h'i'l Xx}bz -
: 3
bmr S
h f1 , faGta fubftitu-
x'l'bz.'“'
tione erit C_, %, _ mii
3 -x2 mai. - h-—I
bty L 3 ——n
—_ X dx 1 X
i—L’—a- l‘ﬁ;‘_‘_‘. ’
st—1x 1= x 3

2 - n
proindeque , ubi n=2, erit S:_x:u___*
inty

T - ¥

i L .
i —— m I
cosqn'—“ﬁntm*‘ * T

~ - dx L -
= m#; . Potro mfr Y, =
1= X

X—Xx. a

per Theorema I. invenietur data per finum ,
& cofinum arcus , , & per cundem ar

cum

oPUSCULUM [ )

cum o . Inftituta enim hujus Formule coms
paratione cum formula I. Theorematis erue,

- dx — X
E - S, m 4
tur mfi i = omtr
1—x a’ r=x g

—d x - COS &
¥ m T o -
3 1'——1(l m:l ﬁﬂﬁm*x *
m —d x v
’ S‘-"’,_m_tz 5 atque jta porro adhibito

Theoremate 1. numero viciam == 2 , obti-

2

nebitur S__:‘ ax data per finum , &
m # T

R m—
1I—X

goﬁhum arcus o , & per C—2x_ , few

3
I—X

per arcum o . Si autem n fit binario ma.
pr, & par, tunc adhibito Theoremate 1.

yicibys % invenietur — ", data
)—Efr

1"‘X

per finum , & cofinun arcus » 5 & per

S—dx
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30
S..._..__.....__..--—-'*"+ » quz per Theorema I.
pe———per
, mdnr,
Y we—— X 2

vicibus = =% ufurpatum dabitur per fi-

2

num , & cofinum arcus w, & per arcum
ipfumw. Si n binario major fit numerusim-

par , tunc ufurpato vicibus = Theorema-

F

te . dabitur S_ —-n per finum ,

X d x

3 m 41
1—xX 2

& cofinum arcus « 5, & per =T e

quz per confuetam fubftitutionem v~ __ ,*

2 mitn-x

— u, mutabitur in SL“____..__ nulla
‘ I—u u

moleftia integrabilem . Omitto cafus , in

quibus exponentium m, & n alteruter, vel

uterque negativus affumitar , quia tum For-

mule aliz recurrunt, Q. E. F.

PRO-

OPUSCULUM L 3r

PROBLEMA 1IL

Formulam I de coss” ’ vcl -—gBd g

ry — mtr
fin o e

integrare .
SOLUTIO

Si m fit numerus impar , quopiam tunc
mt: eft numerus integer 4 Formula

—x"dx integrabitur vel per motas re-

z mtr
L &

f QN 2

gulas 5 vel promptius per Theorema 1. Si
vero m {it numerus pars tumn vel erit=—=o,

vel = 1,vel =2, vel > 25 fin=o0,
H —d x 3
Formula abit in = quam in prz-
I—x a

cedenti Problemate per Theorema I. inte-
gravimus ; fi n=1 4 Formula erit

—xdx ., quz fummam habetalgebrai-~

2 m 41
1—X 2
cam , fcilicet — —
X =T
m = x L e X 2

-1



b g ANALYSEOS SUBLIMYORIS

— 1 _. 8i n==2, ope 1. Theo.

S m-1

m — IX fine

— xMd x
- B——————

gematis invenietur

a T
1—X 2

Fn - I
vicibus m — 2 ufurpatum invenietur de
—

mote pcndens ab S..—..B..,,. » nimirum ab
V! - x’

arcu » - Denique fi n > 2 fitnumeruspar,
tunc ufurpato vicibus 3 Theoremate 11. in-

e
S ¢ a

n
venictur Formula =i data
— =t

per finum , & cofinum arcus « , & per

e ™ — 1 T
2 em———
1= X 2

S —dx___—— , qua datur rurfus per

finum,

OPUSCULUM L 33

finum, & cofinum arcus » , & per eundem
arcum « ; idque obtinebitur per Theoremal.,
quando m > n, feu m — n } 1 elt. nu.
merus pofitivus ; & per Theorema IV., ubi
m (it < n, feu m—n } 1 {it numerus ne-
gativus. At fi n binario major fit impar,
ufurpato vicibus 252 Theoremate Il. dabi.

tur S —x dy per finum , & cofinum
s mby
I —x 2

arcus « , ac praterea per S

2 -_— n—m
_1-x > = fne___ . Confulto pre-
n—m n—m

termitto cafus alios , in quibus m, aut n,
vel uterque negativus eft , quia tum For-
mula hazc in tres alias degenerat . Q. E. F,

PROBLEMA 1IV.
Formulam 11. d & fin o™ cosw™, fen

re X2 dx X7+ 2= integrare.

=X
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SOLUTIO
Sit n numerus impar 5 erit "7* numerus

integer , adeoque elevata quantitate , —.* ad

poteftatem integram ** habebitur protinus

integrale formule — x™ax X r=x2%32 5 utper

fe patet . Si n eft numeras par , tum vel
m erit = 1, vel == o0, vel =2, vel>2;

fi m=1 , prodibit S__xmd,xx_;"—-}u

2 n+:‘ n"!
1—x —— = e, Si vero m=oy,
nts ntrx
formula : n—x —_—
_xmdxXx-xz—_z——:: ¥dx

ope IV. Theorematic facile integratur y da-
biturque ejus integrale per finum 5 & cofi-
num arcus « , & per arcum ipfum o . Si
‘m == 2 , tunc ulurpabityr Theorema IIy

. : - 7
eritque S ™ = &
2 @I —=n - — 2—hn-1
1-x N n'}xx[—x a

X
nirt

OPUSCEULUM I 3%
.——‘—-——- — dx — ('f\"mﬁnmn+Y
. =
ndr W Pt : - t
1—x A n41

b §
»S——dx — . Porro 1
n*x —-_a'-'n"" P—————————
I~ X . 2

n¢x
.+ .
— d .
=————— ope IV. Theorematis
2 T
1—-x 2

vicibus 232 ufurpati data invenietur per fi;

2

num , & cofinum arcus » , & per arcum
ipfum « . Denique fi m > 2 fit numerus
par , ufurpato vicibus 2 Theoremate 1I. in-

venietur Formula | . data per
e s ———— :
s -'—-; 1T n
S SIS 4 2

finum , & cofinum arcus «, ac prxterea

per S“‘“_._‘“I_m_n » quz per Theorema

1 =X 2

IV. vicibus 2+ ufurpatum prodibit rurfus
exprefla per finum, & cofinumarcus « 5 &
ge;r arcum eundem « , ut tentanti appare-

it . Si-vero m binario major fit numerus

m—x

impar , ufurpato Theorematell. vicibus®7*

C 2 pro-
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prodibit S M exprefla per fi-
| 2
=X

Pt
2

num , & cofinum arcus « , atque infuper

o d x
er X '
: - . ] +onie
p S e S——kdxxl_xzﬂT"i=
- I—Xx 2 4
m4+

o

m$n

fin
2

Y — X —

m+tn T m4nc

; proindeque inhoc

cafu Formula __ " ax

2 1 5
1=—X —r——es
2

_dqﬁnwn

cos . ™ fummam recipit algebraicam. Omit.
to cafum , quo exponentium m , n alteru-
ter , vel uterque negativus eft , ob ratio-
nem alias indicatam . Q. E. F.

- SCHOLIUM GENERALE.

Rite jam integratis propofitis Formulis
operz pretium nunc eft cafus illos ipvefti-
gare , quibus Formulze exzdem algebraicam
tummam admittunt , & rurfus cafis alios
affignare , quibus earundem integrario vel
per circuli rectificationem , vel per hyper.
bolz quadraturam obtinetur; ut quz hacte.
nus deteCta funt uno omnia intyity fagilins
comprehendantur , & multiplicato veluti lu.

ming

oPUs¢tLUM L 37

mine effulgeant . Efto itaque Formula 1L

z
I —X 2

S _ f: ";,——, . Adhibeatur Theoremall.,

& invenietur Formula hze pofitive fumpta
(pofitivam fumo commodi érgo ), filicet

m e
x dx Sx DT .
! -n 4 T 1 em — t
1—x - n—xXx'—XZA
2 2 n—1I
M e 2 m’—'—"
) 4 —_ —_—1
= » & X
— 3 —1
2 n =
I e~ x 2
N 2 —y m_;
x dx —=. m=—1 X
e == e o
P r— 1, X ,X——zrur‘
=X 2 n—1/\0 < 3N\ rx”
- m <.
m =1 m — 3 % dx

X— D ——==a=7 3 proindeque
-3 1 X :
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m—4

R 3 d v .

S < — ; atque ita porro proce-
1 —x 2

dendo , ufurpato vicibus == h Theorema-

te 1. prodibit Sxm m—1

[ m-— 3
« LMo X “-

T
JESURISAS. S

‘h"lxn—_;xlr-xzh:z

P —

R
~m ><mm'—-3Xx‘
n-xXn—; X“-SX!—;L::‘S

_&c' tevcessance

—

—— m—2ht
in_—vxn_‘!_v..... Xm-zh+ij : )

,'n—xx n_jXn'—-s...,...xn_zh._f‘xxl_xz&':zbhi‘f

2

o  —

—_— m—-er_..t ..... Xm—thx.
ll—‘x:x—; ...... Xn—-;h-i-;
xm—rzhdx‘ ) N .
—r— Ex huus zquationis
1—-x T )

2

confpectu ftatim innotefcit Formulam

PPUSCULUM L 39

m . .
S x 4% __ {ymmam recipere algebraicam,

—2n 4 1

R S 3 2

ubi m fit numerus jmpar , 1 par , chl n
etiamn impar , fed major , quam m, ut vi-

dere eft {ubftituendo =** loco h , quo fa-

2

&o ultimus zquationis terminus evanelcit .
Si m , & n fint numeri impares zquales,

tum prohfubftituendo ===2, vel "= pro-
dibit eadem fumma partim algebraica, par-

;im Pcndcns a S:—x—g%—, VCI a LVl_xz..
’ 1—-x

Si m, & n fint rurfus impares , fed m

major, pro h fubrogetur ==, pendebitque

¢adem fumma a Sxm"‘“*_'.:*_x_; & quia
, —

L X

in hac hypothefi m-—n eft numerus par

pofitivus , inftituta divifione poteftatis

L ®—=n*1 per ., pendebit & ipla

! m——ntrx .
S x J;x?df N adc‘Oqu'c & pricr
| C 4 Sx
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md —d X :
X - X o .
) _=—ab S""‘“"—" » nimirum 4
i STz P

Lv.__¢2. Sim fic numerus par, n impar,

fubftituendoitidem 2=+ proh pendebititerum

m 4 m___nt Id
X X X X .
S=r T T poftel

i--X 2 x

rior pendeta L tang X o fim=n—1, vel

m>n—1; & pender rurfus a logarithmis fi
m < n-1.8upereft modo cafis poﬁrcmus, uo
ambo m, n fint numeri pares; tum vcro?uf)-
ﬂxtucndo in xquatnonefupcnorx T prohinve-
nitur {umma fuperius eruta pcndcns a

d o
S——’i—-—z—-m s qua pendebit iterum ab

T e X

arcu » » fi n=m, vél n > m; i vero
n< m, tunc adhibito Thcoremate IV. erue-

tur C=f X

Mo ——1 d x R
m__n S wmt; > & ufurpato eodem

I-X 2

Theoremate numero vicium = h, prodi.
bit

orvscULUM I, . L%

.. dx x

bit h — min &
“xz 2 m.—nx x.__._x_

Mo N T x ‘ *

: r.._mt3
m;’_nXm-n-zx!—X’ 2

m__.-n—— Xm_n_3x
x x — x _ ,n-mfg'i‘&c..-...'t

e

m_n_le_nég TR AY n.,thx

— 3
m_n>(m-m-a>(m-n-«1.......}’\'""“"}’1"'X‘""a 2

f—

m—-n.—-x xm___n__;...a...Xm_n__—zhf!

ey e —————

m-nXm._._n-ix........ X moeun—2hda

d x . ) ; .
TR hac autem xqua:
1=-X 2

tione fubrogando === pro h, qui inhac hy-
pothefi erit numerns pofitivus integer 5 ap-

arebit m , ‘
P SL;L*T__ pendere ab

x—x3

S
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—dx , Nimirum ab arcu w.
b

pm—
2
T = X

Haud abfimili methodo idem inftituetuy

teXx

examen in Formulis reliquis S_ a X, A

m
X

h m -_;.—Y -—'dx :
S—" WXE, Qg

b 2

neque  operz pretium videtur in re per fe
clara , & evidenti immorari . Ad alia ita-
que utiliora properamus.

Zquum nunc eft , ut Formule quatuor
propofitz in omnibus cafibus integrate ha-
beantur , cafum illum confiderare, quo ex-

ponentium m , n alteruter, vel uterque fra-

¢tus affumitur . Efto itaque

PROBLEMA V.

N~ 1

Formulam L — 4. X, _,*—=

K= iy hype-

X

thefi exponentium frattorum integrare:

$ 0-

OPUSCULUM Tt - Pt
SOLUTIO

Si m eft frattio quecumque , modo n fit
numerus impar , propofita’ Formula proti-
nus per notas regulas integratur ; nam cle-

vata quantitate ,_.* ad poteftatem inte-
gram "=—, prodit illico integrale , ut per

fe patet . Integratur pariter propofita For-
mula , etiam ubi n eft fratio quacumque,
modo. m fit numerus integer impar ==

2 f + 1 ;etenim pofito n =% , faftaque

=~ . . I .
!uDrOgdfloqc S T — Y orietur

t-x 2z

ne-xr ___., h- .
,""dxXt-xl N t}'x{' Idz quz Per

a— el S '
x 2r
Ie-y

regulas confuetas haud molefte integratur ,
ut omnes norunt . Sint modo m , & n fi-

mul fractiones . Adhibeatur Theorema I
& invenietur C' . —
o SJ—_‘d—xn‘ ( affumo For-

I =X a

'mulam pofitivam commodi graﬁa) pand

—
.
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— ot ———
— 1 =X 3 m._.n--.z><r-x"n 23'

- x meor1 -l. —N -
At Ax nti nfoxm )

e M=n-2 Xm-n-4X ' -x—i_ﬂ_f"!_(‘
— \ :‘- i &’C-.o.-..-.."
nfo,gf;ansxkn‘ 'l' .

.

m-n-sz-nqu;x;-n‘_6,,,,Xm_n_2h+ ,x “'f_ m’f T
e e

——
Ny —,—n0-2ht¢

n*;xn-}-,xnstn-7-3--XHf‘hf1X 3

I-X a

— e — .. [ —— . s B
K. m-n-sz-n.q.jEm.n-GXm-n-a....Xm -n-2h

.- n'}xXn}}an;Xn{.,xn.f.’_"_ X n+;h—frx

—m '
x d x 3 . . .
S o, Wurpato eodem Theoremate
B 4 E] ‘
vicibus 1. Ex hujuszqhationis c‘énli:e&u inno:
telcit fummam inventam effe algebraicam, fi
m—-n_z‘h s five fracti fine, five integriexpo.
nlcptes M5 N5 quia tunc evanefcit, ut patet,
ultimus zquationis terminus. Nop moror diu-
tws in hoc Problemate enticleands » quod
;::1 éqqul in quui?txbus obfervabuneur , hujc
ue lucem afferenc & fpl
‘ 1 ’ endorery .
Eflo icaque ? i
PRQ.

ePUSCULUM L 48

PROBLEMA VL

m

Formulam IL _ ™4, i hypothefi eadem

:‘1*_1.—

I — X 2
cxponentium m, n fraltorum integrare.
SOLUTIO

Si m eft fractio quzlibet , n numerus im-

g
par , ﬁa;m =ﬁ,x?:y,eritque

4

m xj-h"—!

— X X o — 1Y

dy, qua pernotas

=
pr———
snt1 2y T2

1—=x 2 -y 2

regulas haud difficile integratur , ut con-
ftac . Pro aliis vero cafibus adhibeatur ],

Theorema , eritque P dy
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& B—m-—3 m
x d x
A=1 Tan-g T
1+«Xx 2

m +
L"_nl____’:_x,_x ) . n-—m—-:Xn—m-—
— } M- 4

'n,.lxn__.’ X‘_x:l-:.f

2

m
X d x .
S——~zn — > 3tque ita femper procedendo,

I —-X 2

ufurpato vicibus » eodem I. Theoremate in«

venietur S‘mdx o mtr
aﬂft_z - "

L A 4 2 n=—1

. X
: n—~1 1~-Xx 2
—_—

m+e
ﬂ—m-—-zxx +nszn m-q.Xxmf!
= —f
n"lxn"1XI—'x n‘ n-'lxn—]Xn-sx n s

l—x 2

n-m-zxn-m-| ’ mtr
4Xn-m-6 xx {-&c'
n—xxn-;Xn-;Xn-7xx.x' ﬂ;7

e
sesna, } n-m-zxn m..,X,, m-g. ---Xn-m-zhhx mé
‘ n-:x;. Xn an 7....X n-zh-hXx a“"hf'

a

n-m

rnd x
X 8% = i
—nt1 _— 2 n— 1
z..__
a

oPUSCULRUYUM L n;

nem-2 X n-m-‘.Xn-m-GXLm-ﬂ---XH-M-ng
nerx X n-y xn-s Xn-v......Xn-ahf;

m . . o« e .
S «4x . Ex hujus zquationis infpe:
.02 1

T ~X 2

&ione ftatim colligitur fummam inventam

efle algebraicam , “ubi m—m fit numerus

par poﬁtwus » feu == 2h , quia tunc eva-

nefcit ultimus zquationis termmus s five

fralti fint n , & m , five integri ; adco.

que in hoc cafu C 4y oo ™ invenietur, al-
n

fin ¢

gebraica expreffa_per folos finus 5 & co-
finus arcus w . Liquet praterea 5
S =7 eflealgebraice integrabilem, ubi

m fit = o, n fit numerus pary ex: gr ==
2h:; in hoc enim cafu invenitur

P TAYCE S
1 —-x 2
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- . -A -
n 3XX

o XX

Kom X
neg ll'—j 1=x¢ 2 ;:x:;x;:sx__n__s

_xaﬂ-
e T TN

Hr— Y ———

I
n— 1/\n~= 3/\n—;s n_7¢--"x,_;7

+ &ec.

Si vero

n fit numerus impar, ufurpato vicibus 2=:
codem 1. Theoremate invenietur eadem fum.-

ma — __x —X
’ o X En o0
=x 2 II~X x,_xz n~=3.
1 n—3z 2

n-axxr~4

X 3x~4—x,_;-‘=x:___s. T &.c v }

y
P ]

.; ,.-fzxn.“....ox]x N

n - 5Xn - 3X: ""‘"X 3x:-::?:— *

X X XS

a - lxn - 3Ql-v.'o|l

Conftat autem ex difis fupcrius formulam

S__d__x_.z__. L tang : »; hinc fumma
'—'—‘; 2

fuperior ab hyperbolz quadratura pendebit.
Cafus alios data opera pratermitto, quiz o=

dirtin

OPUSCULUM I 49

diftis fponte fluunt, & in oculos incurrunt.
Sit ergo

PROBLEMA VIIL

Formulam IV S *—*f'“"‘,‘ in hypotefi

expoaentium m , n frattorum ad inte ra-
tiouein revocare.

soOLvTI1O

Si n fit fractio quzcumque , modo m fit
Aumerys mteger linpar , Formula

— d x ad notas regulas revoca.

tur , faltis m=2 fe1,n=21%, 7 =

I3 ar

== y ; & prodibit T i
. +

l'—b-‘l

. T, quE, ut poiunt Analyftz,

Mtil
-y

nullum parit obftaculum . Pro aliis ver~ ca.
D ficas



50 ANALYSEOS SUBLIMIORIS
fibus , ufurpato vicibus h de more eodetn

1. Theoremate , eruetur C ,— "4,

—— i

I =-X 2

( pofitivam confidero commodi gratia ) ==

¥ _ nfm-—z2

f
n-;xn-qx 'IX 1-X .;3‘

- D=3
———

-1 -
n-!Xxm x;-x o

nim—2z X nftm=—+«

xnu-sx;n-l I-X

c—-—-————-ﬂ

nt m—z)(n {-m-—Xn -}m—ns ceesens n fm—2ht2

== t&e ..

n— 1 n—'3

—_— T me-1 n—2' {1
Deet Xn_JXn"‘ Xn -7 eree n-zﬁ{xxﬂ X 3 - xz 2
} n+m—? 43 ﬂ;x m—c . wxn']-m-zh
n—xXn-—JXn—s ....... xn-—ah'{'r
J— md h t
X x .
S___—:—n—_—‘_h_- Ex hac zquatione ftatim
1—Xx 2

fummam

apparet Formulam S

I

\ -
T€Cin

;n_x n-—3x m—1x

OPUSCULUM 1. . st
yéecipere algebraicam , ubi m, & n fint nu-
meri pares » & m==n=2h, five fradti
fint, five integri exponentes m, n ; ac poft

numeram opetationum ™t prodibit
2

4
__. t — m—— 1M e g "—n—-xf
hrr 2

x—\: n—10 x (~X 2

nfm-—a2

P —— me—71x n_; T &c'-)ovcou
n-—xXn:—;Xx Xl‘-—'x —:—

1 nim-2 anm—%--.....xz
k . =, Mely,  T—m
'n—n‘Xn-—an—-s-...-...le—-mxx Xl_x e

At i m t n = pari , fed ambo impares ,

tum fubrogando ®=* pro h orietur

—— m ¥

X . X

= ntr T . M1 TNy
2 X X 2

1-x =2 no—x X 1m~X 3

frim—2

A — 3 1' &C-nun-

x-—x
————can

pim—. x_n_tm-a,_......,-.-..xmf?
R~ xXn-'—;x:

XTI f

D2 _—

nfm



53 ANALYSEOS SUBLIMIORILS
W

nj‘_r_n_fz anm—4 ........... Xm»fx X

M- 5%

v I

*

— .
S x  dx , adeoque in hoc cafu {umung
- * , G
-—X

erit partim algebraica , partim logarithmi.

ca , quia S—i?—:m— pendet ab, hypet.

bolee quadratura , ut omnes norunf . Fx
ha&enus dictis palam fit, quod frnfit =0,

m numerus par , erit S dx —
R my — & L
<R X1‘7-;;‘ 2-
——— X —— — 3
——.x_fx:—; ..l. m—zX{,,__xJ 2
- -
Tm—1 L . mo1
X 3‘;('
= = x"m_w_:’ x — :1' &c.u«.
s X g X7
m -_—:_41_ x'm - 4X‘m .—--6..... Xz X‘i—x, m: . Si
' — m 1 ot
3X5X7.....Xm—-1><x
vern

OPUSCULUM & 55
Veto m fit numerus impar , ext gr: ==2h
== I , tom expeditifima erit formule

YN d . . - .
Sﬁh"__«_, integratio; facta enim fub:

= 2L
2

Mo R
ftitutione , __ = ,*, mutabitut in

- L —du. . . MR T v - Wy
S—__—zuh -~ nullo negotio integrabilem ;
u

1

p o

. L.y L1 — d Y

ac pendentem ab S ""':‘T“" fcilicet a I
i~

tang (45° <=+ &), ut in Euleriandrum for-
mularum integratione invenimus. Cafus alios
evolvere fuperfedeo , quia e¢x dictis facije
druuntur , & profliure . Supereffer mode,

integranda Formula I1L S s Max
W) T e

4t nullus ufqué adhuc mibi fe fe obtu%it ca.
fus 5 quo , fuppofitis m , & h numesis fra-
&is , Formula evadat integrabilis , Reapfe
ufurpato L. Theoremate vicibis h prodit

m m*‘x_ﬁv—zn T
x §x . —x &y x T2,
— {—n T
i~3 7 nt1

D 3z -
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— n+mf2xxm+:xx_ng_r_j

nj‘xan;

o — nis

m
_____,n«[-m*,anm}aXx Xx—-x : &c"'&
,,.,,X nf;Xn-fs

m#r,, ~ anfzbor
— n%mszn {-m+4....Xn + mt2 h—zx X ',Xl -X 2

—

ntx X nt; X I.lfs.-...-anz,h"x

n+mf;anm+4 ........ Xn-}'m"f.‘zh
ntrx x ntg ............-an‘zh-—-x
A . |
S‘L—;‘fi_".ﬁ . Porro hzc zquationufquam
1 —x 2

interrumpitur , ut algebraica fiat , pendet.

—n—2ht:
—x 2

que femper ab S < dx ) quz fi

milis eft Formule propofitz S dx
7 1—n 2

I~X

adeoque nullus occurrit cafus , quo poffit
eadem Formula ad intesrationem revocari

in

@QPUSCULUM L 55

in hypotefi quod exponentes m, nfradi fint.
At fi eoram alteruter fraCtusaflumatur, tum
haudquaquam defperandum erit de Formu-
lz integratione . Efto itaque

PROBLEMA VIL

-—-—;H_.,

Formulam III.S-_x“"u Lext s

in hypothefi unius exponentis fracti ad in-
gegrationem redigere. .

soLUT1O

Si m fit numerus fraftus quicumque , n
yero fit numerus pofitivus impar , Formu-
“1a propofita protinus integratur elevando ad

poteltatem integram t=1 quantitatem .

fub vinculo comprehenfam . Si vero n fit
numerus fractus , tum Formula

— et an
LA W —— d
.S_‘mdxXx-xz 2 ? fcu —'———_._.:-1.7’&
3 ——
) N I1=1 a2
D4 per
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b 4 n

per fubftitutionem ~, -~ = u , de

ntr it N w Y

generabit inSu_—x-n T G

- Y

nt: — msr.
]amveroSu..nd“)(]‘_,‘,_,ll = Intes

grabilis eft , i m fit numerus impar pofiti

vus ; nam elevata quantitate ~— ad

T=-0

poteftatem integram m-—: fit protinus inte-

2

gratio . §i m fit numerus impar , fed ne-
gativus , formuia {uperior erit

S i ot
L de____ ,&quantitag 1-u *°° !

— —

1 =R a

erit potefias irtegra ; proindeque

n + 1
S v’ "du pendedit, ut Analyfix coftie

pera

- apUsevLOM B -

. L5 &3
pertum habent , ab S

2tz
0 .,
—— b %
ife
Porro \ _ nae

U
1.0 I-n

Teu ¥-0

etiam in hypothefi 8

fracti ad notas regulas ftatim revocatur 4
factis L2 = % 5 &Iy = § o ut fit

1-8
2tz 3 4., defignane
R I -——S-—-—-——-——" "’CIg
] s-0gq
r-n X-8

tibus h, 1, p, q numeris integris . Fiat

h

— nlg i ! T

uw—=12 F el’ltquc . do | o
LIS
x~u @

S:qth“q"’z , quz inventis de moré

Iy

T wem— 2,

faCtoribus denominatoris 1—z '? integratur

per notas regulas , pendetque a circuli ,ﬁ&
hyperbolz quadratura , ut notum jam eft.
ix manum de tabula pofueram , cum

ccce offert fe mihi nec opinanti cafus fngu-
laris ; quo propofita Formula

S=2
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TR el
Qs e X o5 per potas quadat

| S—
ras integratur -, -licet exponentes ambo m,
n fra&i affumantur. Si enim cxponentes
'm', n tales fraliones fint , ut — R -—n

evadat numerus integer negativus , quod
poteft frequentifiime ufyvenire , tum =

- — 2= pendebi i
S,___x mooX . P ebit a notis

‘circuli , & hypcijolac qu.édraturié « Immo
fi exponentes m , o fint hujufmodi fractio-

:hes 5 ut =2==f -1 fit numerus integer af-
firmativus ( quod poteft etigm fapiffime

contingere ) 5 tum S P

algebraice -integrabilis deprehendetur . Ut
duo hzc luculentiflime oftendantur , efto -

X—Xx*=x%z 5 adeqque Xx=— —1—: hac

—= 3

: itz
falta, fubﬁitutione ;n ‘Formuh plfOpOﬁ‘tar
S___xm“x Lo, fiet ipla =

S =

—m—2 . pendere ab S a—r

OPUSCULUM L ‘%9

Slzn-' —— mzn ;. Jam vero fi
2

‘dzxxfz 2

-m-n_, fit numerus integer negativus, ine
- 2

ner

venictur per notasregulas S L Ty X, iz

2

2 2 dz
I —————

3
11z
MY e Py o P
five (fa&o,;—____x_) ab Sz"az _
1tz ¢
1tz —_—
Pl o1 W - P oenl Pz .
Sxy dY:S(xy dy—=+y dy)
D .
sty \ _————!fy'
P p___xd '
=77 S"""“""’T“‘}; . Porro Formula
; "y ]

S_ ey 'ay integratur o ut conftat , per
it y° .

notas circuli 5 ‘& hyperbole quadraturas,

refoluto de more denominatore 1 fy* 1N

fadtores fuos per notiflimas binomii regulas.
Ergo
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14

Ergo propofita Formula S M x)(—;%i'

a circuli y & hyperbolz quadraturis pende:
bit , ubi exponentes m , n tales fractiones

fint , ut ~m=2_- 5 fit numerus integer ne-

20
- -

; m
2 ,n = 1 &ec. in infinitum . Si vero

gativus ; ex: gr: fi m fit =4 , n =
- 1

m::%,n:-‘;m:_:

2

NN

Il

,11:

! e M e . . - Do =
—_—r 1 fit numérus integer pofi:
tivus , vel etiam nihilum ; licet m 4 n frd2
&i fint , ut i ex gr.m = =~ I, n—=2

‘% s . —
;imM=T—3,n1 = —1;m=

I
= =33
n:.—'.—:—;mz_‘u—%,n—*_;‘;% &c:
in infinitum; tunc prodibit fumma aigebrai-'
€a , quia clevata quantitate 1 § z ad po-

teftatem integram pofifivam —M==2n ..y,

fiet protinus formule S S ¢ _emen_y

;z: dz-‘fzz

integratio , ut pet fe patet .

OPUS,

61
OPUSCULUM IL

pE THEOREMATE ROGERII COTES,
ejus ufu , utilitate, praeftantia.

s Fometrarum neminem ignorare arbi«
, tror 5 quanta fit Cotefiani 'lhcor_c_
8BB macis uilitas , ac_pene neeeflitas in
Analyfi Sublimiori , in Calculo pz:tl.‘ﬁmum
Intcgrali , ubi difterentiales Formu}a: bino-~
miam , vel trinomiam quantitatem 1n deno-
minatore involventes integranda proponu-
tur , quxf hujus Theorematis ope facillime
ectricantur . Geometris illud primum 1nnc-
tuit, poftquam anno 1722 pofthumum Opus
acutifiimi Geometre Rogerii Cotes inferi-
tum Harmonia menfurarum o five Analyfis 5 &
.S'yhr[yeﬁs‘ per Rattonum 5 & "An’ru"?rum- menfuras
promote opera Cel. Roberti mith in lucem
prodivit . In eximio hoc opere primum ap-
paruit pulcherrimum iftud , clegantiflimum-
que Theorema , fed abique ulla df':n‘mnﬁra-
tione propofitum, quam alte indaginis apgel-
lat Jacobus Hermannus in Supplemento civeé
Problems & Taylero propofirum tom. V1. Comment.
Pesropolit. Ex "hoc Theoremate prodiit velu-
ti ex trunco furculus Formula illius celeber-
rimz conftru&io , ad quam Geometra €XI-
mius Taylorus Mathematicos non Anglos
provocaverat , Formulz fcilicet

8
N
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mam reductionem admittit, & denomina-
tor in factores fecundi gradus maximo coms
pendio, ac veluti unico calami duétu refol-
vitur. Formulz hujus Taylorianz conftru-
¢tionemn , ad quam omnes certatim Geomie.
trz extra Angliam degentes convolaverant
invenit etiam duplici methodo fumma ana.
lyfeos concinnitate, & elegantia abique ul-
lo Cotefiani Theorematis fubfidio Geome.
tra ex noflris percelebris, nullique fecundus
Marchio Julius Fagnanus in egregio Opere
Produzioni Matemariche tom. I1. pag.293. Ve
rum ob maximam, qua inter Cotefianum
Theorema, & Problema Taylorianum in-
tercedit ,affinitatem , & coghationem , quum
hoc iliius Corollarium fit a quolibet vel
mediocri Geometra deducendum , Cl. Her-
mannus loco citato affirmare non dubitat ,
Problema illud Taylorianum non  preciariffimum
Taylorum iplum o [ed acwsiffimum, dum wiveres,
Rogerium Cotefium auclorem babuiffe. Quidquid
tamen hac de re fit, illud certo conftat ,
Taylorianam Formulam , quz Integralem
Calculum adeo amplificavit, ejufque fines
tantopere produxit, per Cotefianum Theo-
rema facillime conftrui, & ad integratio-
nem revocari, Illud unice exoptandum fit

pe-

2t qux illius ope expeditiffia

dPUSCULUM 1.

-pererat, ut Theorematis Auctor petfpicacif-
fimus illius demonftrationem publici juris
feciffet, quz tamen, ut di¢tum eft; in po.
fthumo ipfius Opere defideratur . Reftituit
illam quidem , fupplévitque cel. Robertus
Smith, que ad calcem Operis Cotefiani ad-
jeéta conlpicitur , fed Geometrarum non vi-
detur obtinuiffe fuffragia, quia ambagibus
involuta perfpicuitate deftituitur. Eandem
dederat etiam ClL. Pembertonus in Epiflola ad
wAmicum de Cotefii inventis Cotefiano operi ada
je€ta in editione Londinénfi anni1722.; ve-
rum pluribus ea nominibus carpitur ab acu-
tifimo Jo: Bernoullio Dperum zom. 4. his vera
bis: Exkibuit poftea aliquam Pembertonus, eideny
libro Cotefiano infertam ., [ed tam longamy tam in-
tricatams 5 ut tadiofum fit examinare o urrum om-
nia refhe [e babeans o nullu{que lateat paralogifmus .
Hinc faétum eft, ut illuftriores Geometrz
in hac demonttratione invenienda magna
animorum contentione allaborarent, & ut
quifque felicior fuam proponeret, & Littes
rario Orbi dijudicandam relinqueret, Joan-
nes Bernoullius eandem Mathematicorum
Reipublicz impertivit Operum fuorum tom.17.
N° CLX.,Jacobus Hermannus in Commenta-
riis Petropolitanis loco citato, Abrahamus
De Moivre in eximio Opere infcripto Mi-
[cellanea Analytica De Sericbus, & Ouadrathris
lib. I1.Cap. 1., Samuel Koenigiusin Nowvis s

Erndivorum Lipf.ann:1741. Men|. Januars %1'?1“
als
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«almesleyus Benedi€tinus Anglus in elaboras
tifimo Cpere Analvfe des Mefuies des Rappor-
g5, & des Angies, &c. & novillime Bougain-
villinsin Opere egregio Traité Ou Calewt. Iniegral
¢om. I Introduckan§ LXIIL Verum demonitra-
tiones huj.dmodi , qua a tam praclaris Viris
diverfis temporibus excogitatz fuerunt, utut
ingenontlima , & acutiffime ad | yronum
captum parum accommeodata videntur , pro-
ptereaquod vel nimia prolixitate Juvenum
ingenia obruunt , vel nimia brevitate tor-
quent . Inter abftrafiores haice demonttra-
tiones principem certe locum obtmcre.vxdc-
tur cam peripicuitate , tum clegantia de-
monftratio acutiffimi Abrahami De Moivre;
attamen perfpicaciffimus Jo: Bernouulius de
cadem loco citato ita edifferit ,, Felicioribus
5» vero aufpiciis rem aggreflus Clarifimus Moi-
,, Vrzus , vir profunde dottus atque in ana-
» lyticis verfatifimus , dedic hujus Theore-
,,matis eruendi viam expeditiffimam , & qui-
5, dem ad alia hujus generis longiliune fe par-
, Figentem , quouique impar Adveriarius pe-
,, netrare non poterat . Methodus Moivraana
» petita eft ex natura fericrum , ut vocant,
gy recurrentium, quz licet inobfcurffimis dif-
,,quiﬁtionibus plerumque magno fint auxilio,
,» nonnullis tamen ifta opergndimethodus nen
5, fatis naturaliseflevidetur ,,; & Geometra n
quis alius fubtilis , & peracutus . Jacobus
Hermannus de eadem loco citato verba ti-

Lens

OPUSCULUM 1. 65

clens diferte ait : In erudito boc opere ( Moi-
vr®2ano) occurric pulchrum theorema de divifione
Cireuli in quotcumque partes aquales 5 €x quo
deinceps magna brevitase & concinnitate deducit tum
demonflrationem theoremaris Cotcfiani o de quo (u-
pra 5 twm ctiam fractiones eonftruendas ad formas
fimpliciores . Perumtamen ... .. poft lectionem wutli-
bet anentam corollariorum wfum Lemmatis illuftran-
tium o [emper aliquis [crupulus vemanfit o impe-
diens quo minus credere pofflem  dcusiffimi Firi
mentem me recle percepiffe. Neque tamen Her-
manni ipfius demonftratio clarior , aut fa-
cilior Moivreana videtur , quod ceteroquin
fperare fas erat ab eo, qui %’Ioivrcanam ob-
1guritatis infimulat ; junioribus enim Geo-
metris non unun parit incommodum tum
nimia computationum , quas utplurimum
omittit , brevitate , ne indicatis quidem
Analyfcos veltigiis, tum quja ab@rufiori uti-
tur methodo , & per falebrofas progredi-
tur vias . Itaque operz pretium me factu.
rum exiftimavi, fi novam , eamque facilio-
rem Cotefiani Theorematis demonftrationem
Analyfcos fublimioris ftudiofis proponerem,
& ad fecundifimum hoc Geometriz inven-
tum promptumque , expeditumgque aditum
aperirem . Novos quofdam ufus patefeci ra-
dicam unitatis pofitive , & negative , ex
quibus deinceps Theorematis demontftratio-
nem deduxi. Adjeci ufus ampliffimos Theo-
rematis ejufdem in Analyli fublimiori , o-
E mnia-
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mniaque {imma qua potui brevitate & pers
fpicuitate demonftrare curavi , ne quid
Junioribus Geometris defiderandum relinque-
retur ; fed plana omnia ; & patefalla in.
venirent.

PROBLEMA L

Invenire omnes radices unitatis; qux fint
gradus o .

SOLUTIO

Omnes radices unitatis gradus n zquales
funt radicibus zquationis x"— 1 =0, quid
in hac azquatione omnes ipfius x valores e-
vedti ad potentiam n_zquales funt unitati;
& quoniam valores hujusmodi funt nume-
ro =s n, totidem idcireo erunt unitatis ipfius
radices . Porro zquatio x™ — 1 = o vel eft
gradus paris 5 vel imparis ; fi n eft nume-
rus par , duas tantum radices reales coati-
nebit , nimirum =+ 1 4 & — 1, reliquz
emnes erunt imaginariz, quid numerusalius
quicumque ab unitate diverfus velmajor erit
unitate , vel minor, & eveftus ad potefta-
tem n major rurfus erit , vel minor unita-
te, quod fiert non peteft; fi vero n fit nu-
merus nupar y &quatio fuperior unam tan-
tum realem radicem habebit == 1, & cete-
ras omnes imaginarias ob rationem jam in<

dica-

. OPUSCULUM I &
dicatam . Ttaque inter radices unitatis 5 qua
fint gradus n; inerit {femper numerus par ra-
dicum imaginariarum . Harum quzlibet ex.
primi poteft per a == by — 1, fumptis a,
& b pro numeris realibus {ive pofitivis; five
negativis, acceptoque etiam 4 pro nihilo; ut
fub hac forma radices omnes poffibilés ima-
ginariz comiptéhendantur (*) . Harum ra-
dicumi dimidium non différt ab altero dimi.
dio nifi figho , quod quantitati imagifiarie
praefigicur ; nimlirum i dimidium harumra~
dicum fit a = by <1, € +=fv — 1,
d == h v —1 &c. dimidium alterum erit a -b
Vv —1; é— fv =1,d —hv —1 &c.; cujus
tatio hac eft - Quoniam ex hypothéfi a b
v —1 eft radix zquationis x*—I=—03 erit

idb yv—1

nX ne1 an b &-;-an—an—-z an—;;

a zx; b

n ==, €rgo a"=knat*—'by.1.

v

V._—I-‘ian-—xxn_:XnL—3an-4b4“.
. X, X, ¥
E 2 b*

(a) Radices quafeumque equationum imaginarias per fim=
pliciffimam formulam A % B/ —1 defignari poffe ‘ingenio=
[ilfime demonfbravic Alembertius in Monum. Berolin. tom. II"
Recherches fur le Calcul Integral are. XL, Eulerus eorum
dem Monuw. tomo V. Recherches fur les Racines imaginar
yes des equations §. $6; Bougainvillins Traité du Calcul
Yategral rom: L Introdutt. are. LXVIL
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b (fineftpar), vel xb*r —1(fineh
impar )==1. In hac zquatione terminiomnes
imaginarii fé fe invicem deftruent , & reales
omnes fimul fumpti erunt — 1, adeoque

n -3

nan"!—an-—lxn—za 3 v —

X

o, vel—na*™ e, X, X,_, "¢

+ X

Creneiee == 0; K g — W X7 2, P2

STT——er—— 3 b ¥
2. 4

an—:Xn—vzx‘An_’;A R

a b*erere. = 1

zX}Xq- ‘ - i

ergo etiam a"—mna "= by __

il nvz’ - __-?n—-!_}
2’?‘(’1—';“ Y. ST, ST bV -k
: Xy

s Ko i Xn—allay "7
V ax3X1 a

Bever. b (fi Reft

par), vel 3 v® ¥ —3 (fineftimpar) =1:
i

‘ 6ouscuLdM . 6
#{t antem primum hujus zquationis mem.

brum — ., _. ", ut per fe patet ; ergo

oo 2= 1, proindeque 2 —by — i
erit una ex radicibus gradus n unitatis .

Eadem de e—fv'—1, d—hv —1 &c.

recurrit ratioginatio . Itaque radices omnes
aquationis X"—-1==0, fi nelt numetuspar,
funt % 1,3 bV —1t,¢e % fVI5d &
h v—1 &e. ; fi vero n eft impar , erunt
+1,8% K V—I3 prqy’ —1 &c. ; ac proinde
fiin hypothefi n paris dividaturx* - 1 — o per

T RE: = 0feuperx’—i=—o, zqua:
tio per divifionem orta ,*=> f ,2—+f | e
evieeses T 1 =0 habebit radices omnes ima.
ginarias , fcilicet a % b V' —1y exfv”' —1,

d % h v —1&c.; & fi in hypothefi n im-
paris dividatur x* — 1 =0 per x — i7=0,

zquatio inde refultans  »-r 4  #-2 o 23

eeeeen x T 1=o radices tantum imagina-
tias complectetur , videlicet g % K v 1,
p % q vV —1&c Jam vero fi in prioti =-

quatione pro x fubrogetur 1, fiet, ® g, *"*

E 3 ,I"n-o
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n-¢ 1 1 = o0, cujus radices erunt
Ry evencee 1 4 J 5 CHJWS L4atlitts CLUUL

pariter 2 & b v —1, e % f —1&ec; &1
n _a:quaﬁom; altera eadem fiat fubftitutio,
prodibit y mrgrer gttty b
1=—0, cujus radices erunt rurfus g % K v -1,
P * q v —I &c. Eft autem X=-- ; €rgo,
omnes valores ipfius X orientur dividendo,

unitatem per valores y , feu per valores a-.
lios ejufdem x , proindeque valores ipfius X

érunt - > - 5 — g = 3
a kb vex a-bv-u ek fyv -1 eafver

1 > — x &C-. & 1 5

dghver | dehver g BKV-1
ey ————) — &e. , feu
g§-KvV-1 pHqv-: P-qV~1 ’
.ar-b\/—,l 3 l){‘b\/*la c—.f‘/”(j e_%f\/—x )
a k3 2 2 2 2 - 2 2
1) a kb ¢ ok f K f
EIPETIT TPELY L S EE YA
2 F 2 2 2 a
d %h d % h ' g KK

QEK/ot, niery p¥avor &eojoag

2 a 7T a 2. 2
‘8 K p & q p kg’

yalores omnes ipfius x evecti ad poteftas
tem n funt unitati zquales ; igitur

ax

PPUSCULUM 1L 7E

P ey e 11
a-‘-b\/—ln-’ S_:f\/'-' ’ d*,h‘/—l &C- &
]

2 2 2 2
b e ok f d %k h

n —— T

FTRKvy—1 5 prav—r &c. erunt unitati z-

n -}

2 2 2 2
g kK e kg

quales ; fed ex jam demonftratis T=T7TT7,

po—

" n " n ) o
erfv—x 9 dihv—gx &e. &g»}'-'l('/—x >

prav—z &c. unitati gquantur; ergo etiam

TR s m it gt g &Ko &

PP % a." > &c unitati xquales

funt, adeoque etiam a* f b, ¢ T £, df
h:&c., & gtk ptq &ec. unitati z-

quabuntur ; & quia 2, b, €, f & &ec.funt
reales quantitates , erit earum una quxlxbct
unitate minor. Itaque radices omnes gradus
n unitatis , fen radices zquationis x"—
I=— o0, ecrunt , fi neft par , = I, 2

V —1, ¢ x f vV —I, &c.; fi n eft impar,
g g k¥ —1,pxrqv—I> &e.

-}
-y

E 4 Co-
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Corollarium I. Produ&tum ex binis radis
dicibus imaginariis .z X, s~ &G

rrv— X5 xv-, &c. unitatem facit.

Ccrollarium I1I. Dati binomii x"—1 divifo-
res fimplices {funt x—I, x {1, X—a—b -1,
x—atbhv —1, x—e—fv —1, x—effr-1
&c., fi n f{it numerus par, actotidemerunt,
quot unitatibus conftat n , proindeque omnes
in{einvicem ducti producent faCtum x"—1; &
quoniam par eft diviforum numerus, omnium
produ¢tum habebitur ducendo femper in fe
invicem binos proximos , quo facto prodibit
XP—l==,3__, X,* ) X &c.y

1 Ng? o _saxts/Nx “ __aexts

atque ita refolvi femper poterit binomium
x"—1 in divifores reales{ecundigradus, quo-
rum numerus erit 2. Atque hinc infertur

effe 1 — X"==1"a X Xz —2axt1 sz—sz-}: X

&c. Si vero n fit numerus impar, divifores
fimplices binomii x"—1 erunt X —1I, X—g
— Ky —1; X—g 1KV —I1,X—p—qV',
X—ptqv —1 &c., eritque , inftituta ope-

ratione ut fupra, X"—i1=",_, Xy - anX

xz-—-—szfix &c. ; quocirca binomium X "—1
in hoc cafu in divi(llores reales {fecundi gradus,
quorum num eruszqualis exit 22+, & divifo-
rem unum f{implicem reioiutile erit ; &

I‘—’Xn,:' 1~ X XX z_zgx«hx xz_zp;:‘x&c'
Q-

OPUSCULUM I’ VE]
Coroll. ur. Quoniam ex demontftratid

P n t - n -
a b/ 1 etV —1 &C‘&gd‘x\/—! 9pt q/=1 1

28

&c. funt unitati zquales, etiam 37—,

e &K C&K gagsmr M pEq v =r » &c.unitati
zquabuntur ; ac proinde ezdem ,xpv-:3
¢4 fy—1&Crs & 4/ er, gy - &XC. erunt
ctiam radices unitatis gradus ,,; ergo &qua-
tio ,**—,=, complectetur radices omncs
zquationis ,*-, = o praeter has alias, quz ea-
dem ratione, qua fupra ufi fumus, deter-
minantur , fcilicet 4 xyyas,atav—1, &
vel gwsvor, ot ®v=1 &c.; hinc quoniam
radices zquationis , " = o, quando , eft par,
funt wy,axbv ez, 0= fVmr &ec., & fa&ox
impari funt # 1, ¥Kv =1 p¥qv —x &C,pro-

pterea prodibit , fuppofito n pari; <*Ter=

x— 1X xz_ 2ax ¢ xx xz—zcx-f!x &c.

sz_,#,,,x,=_x;x &c.,&ﬁ » €ft impar -,;‘ Srit_

ot
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;H—xzx - xx ;a—zgx{lsz—sz* ,X &C.
.xlxz—tiOX{lx xl"zax f-xx &C-

CorOII- Iv. xﬂ". —1= x" - xx x’;:; adcoque ]

falto , pari, erit ¥ X XD

a2 -
—aaxd1

x x’—-zcﬂ'; &C. X x’—z.uﬂ‘x x*—anx$: X &c. UR~

M 7 n 2 0 2 2
de eruitur f;=x-sz-q-xXx—=Ax+ X &ec. in

hypothefi » paris. Eadem ratione in hypo-
thefi ® imparis invenietur ’

xni-x=x.‘é -eztprx'Xx ‘—zwxf xx &e. ) &qUia in hag
Bypothefi inter radices unitatis negative ,

adeft radix negativa realis — I, iccirca

xnfléxlexa—anfx Xx.—zth 1 x &e.

PROBLEMA IL
Data acquatxonc 1§ .,1.’-.. = xtvii=: ® D)
valores omnes ipfius * invenirg,

§ O

QPUSCULUM I 75
SOLUTIO

Radices omnes cujufcumque gradus datzg
guantitatis zquales fuat uni ipfius quantita.
tis radici ductz in radices omnes unitatis
pofitive , fi quantitas eft pofitiva, vel in
radices omnes unitatis NEgariva , fi quanti-
tas eft ncgativa , dummoado ipfius unitatis
radicas ejuldem gradus accipiantur ac radi-
ces datz quantitatis. Eito quantitas =2 ".
Quoniam == a * == a " XL 1; erunt ra-
dices omnes quantitatis = a" zquales fim-

lici radici a dudtz in radices omnes ipfius
»= 1 gradus ejufdem n. His conftitutis tacile
offenditur , valores omnes ipfius x erutos €x

zquatione 1=V 1 T3 = vy " efle nu-

mero n, & reales, neque majoses unitate ,
quando 1 non excedit == 1. Reaple eduéta
ex utroque zquationis membro radice gradus

b

n, prodibit xfv, -, =" le,‘h—x oy

ubi * indicat radices omnes unitatis gradus
X

n, unde colligitur x == =X [, ir ©

T

S, § .
X v iim T, proindeque valores omres
‘ ) iptius
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ipfius x funt numero n, quia totidem fiing
valores ° . Efto praterea | quantitas affir-

mativa, fed minor unitate, eritque v 7
quantitas imaginaria — V', XV — I

evedtaque quantitate 1=/ _ X =1 ad

poteftatem 3, exprimi h&c poterit per
A == By'—1, defignantibus A, & B quantitates
reales ; ac propterea facta fubftitutione inve-

T

netur x — ;XAfw-r -+ zi:'XAfB\/"“

Quoniam vero divifa unitate per ¢, fea per

radices gradus n unitatis ipGus, quotientes
funt radices ezdem unitatis ( Probl.1.), in-

de fequitur quantitatem ; Xz—5 7— expri-

mere radices omnes poffibiles gradus n quan-
titatis \ 3Ty, s vel quantitatis zqua.

lis l —viF,, cumgquefit Y XF‘.."??T‘; =

T ———
" Xﬁ_"_é_“_:.:, & fimul L X5—57— adzquet;

A?fB? *

Wt patet, radices omnes gradus n quantitatis

“

OPUSCULUM I 77

1—v'17_,, facile dignofcitur effe debere, ,*¢

—1d

B*=1, & quantitatesreales 4, & Bfingulas

unitate minores. Erit itaque X =2 X5, 1
X —pv-1d dummodo * defignet in utro.

que termino unam, eandemque radicem uni.
tatis. Jam fi n eft numeras par, radices
unitatis gradus nfunt(Probl.1.) L r, a 1 b

v—1,e fy—i,dt hy» — 1&c, qui
funt valores ipfius v , factifque in zquatione
{uperiori horum valorum {ubflitutionibus pro
voerit X = A, X — — Ay X T AQq —
Bb,x:AafBb,X:AC—BfaXZAeTBf:X:
Ad- Bh, x — Ad T gh, x = &ec., adeo-
que valores omnes ipfius X reales erunt, fi
n fit numerus par. Si n fit numerus impar
valores ipfius ”erunt ( Probl. 1. ) 1 1, g L
kv —1, p Lq v — 1 &c. quibus fubroga-
tishabebiturx =4 ,x sA g—BK ,X “Ag{BK , X=
Ap - BQ, X = Ap= Bg, X == &C. qui
rurfus omnes reales funt. Efto nunc 1 quan-
titas negativa unitate minor, eritque in hac

hypothefi vas " — — Vev i = —
Xiovia s & 3 = X 7

ubi u defignat radices omnes unitatis negati-
' va
y
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vz, feu— 15 undeinfertur , _ X1 T o t

pJr- —

T 1. ' -
u X1y 7= 7. Porroy— 3= & exprimipo-

teft per A — 3 v — 1, inftitutique ea-
dem , ac fupra; ratiocinatione , invenitur

AT e L XD fimulque
A% gpt==1. Jam valores ipfius u; fen radi.
ces unitatis negative ; ubi n eft par; funt
( Coroll. 1. & 1v. Probl. 1. ) wvv 1y A28
s — 1 &c.yergofubrogationefattaerit x= au +
B rx= AP—B",S:AA*‘BA,x:.‘A».—BA,x: &C.‘
Si vero n fitimpar, valoresipfiusu funt ( Co-
roll. cit. ) —1,éxév-=1,0x8v -1 &C.§ pa-
rique ratione fubftitutioné facta ; prodibit
x= — A>X =A@ EBI,x=AG—Blx=AWkKBO, x=
Au-B8,x = &c. Ergo valores omnes ipfius x,
etiam ubi 1 fit quantitas negativa unitate
minor , reales erunt. Denique il =1, et-

jam | we v I, — 1; adeoque A — I;
o . —_— . : - W

E = 0, x = 2 % . Porro, fi n eft par;
valores v funt % I, a x b — I,e % f

¥ w1 &c.; quibus fubrogatis fiet ¥ =1,
X

OrPrUsSCcULUM IL 79

¥ —— Iy, X”ay, X "2, X—=e, X =65
% — &c- Si nfuerit impar ; valores ° crunt s
I, KV —I,pxrqV¥ —I; &e.5ad-
‘coqucx=l,x—_=g.5x:':g,x =7Ps
x = p, x =&c. Eftol—= —1, eritqueut
fupra A ==I;B==0; X = Lj1: Jam valo-

res ipfius u, feu radices linitatis negativa
gradus nfunt; fi n fuerit par , # & »v~ 02 %
Av/~x &c. quibus fubrogatis prodibit x = u, ==
six= A, x4, = & Sion fuerit impar; valo.
res u funt — I; eV -xekov-' &c
quibus de more fubftitutis fiet x —=—1,

6, x=6, 176,x=0, x= &C: Itaque valores om-
fies ipfius % in quocumque cafu; modo 1 non
excedat % I; reales erunt, & numero n .
Quod fi | fuerit unitate pofitiva major; bini
tantum valores ipfius x reales erunt; ubi n
fuerit par; unus, fi n fuérit impar ; & reli-
qui omnes imaginarii; & fi 1 unitate negati-
va majot fuerits n par, valores omnes x ima.
ginarii erunt ; & fi n fuerit impar, unus
tantum realis erit, ceteri imaginarii ; ut ana-
lyfis veftigia relegenti innotefcet: Ajo nunc;
valores omnesipfius x4 ubi I non excedat¥1 4
rion efle majores * 1 ; quod fic oftenditur - Sit
primo 1= 1, npar; valores X funt % 15—
iy d; 45 €, €5 &C:; fi n impar, funt & I'
gy 2> Psps && Sit fecundo l==—1,n par,
valores ipfius x erunt 5 w,m » 4 &€ St @

1m-«
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impar, erunt — I, ¢,9,¢.0, &c.; funt aun-
tem a.¢, &C-, gj p, &C-, My A, &C., ¢, w,
&c. unitate minores (Probl.i.). Sit denique
1 umitate pofitiva minor, n par, valores x
erunt & A, -~ A, A2 - 3b, A 2% Bb, s e~
Bf, ac x Bf, &c.. Jam 5 a, & — a funt
unitate minores ex demonftratis, & quia et-
iama,b, &c. funtunitate minores ( Prabl.y.),
erit a fortiori ex fraGionum natura aa -~ sb
unitate minor, modo a a, & B b pofitive
quantitatesfint; fi Aa, & Bbnegativa quan-
titates fuerint, tum pro aa - b, feribi po-
terit -~ A a % Bb, quz ob eandem rationem
unitate minor erit. Quod fi aa fit quantitas
pofitiva, B b negativa, aut viciim, aa -

Bb fiet , vel Aa % Bb vel - Aa- Bb-

Jamvero ex demonftratis a* & B = 1,
& (Probl. 1.) a* % b* == 1; ergo a* 2* %
3 b* % A* b* % B a* = 1; & quoniam
Ab -~ s a’eft femper, ut patet, quantitas
pofitiva, iccirco a*b* -~ 2 saba % B a*, vel
crit nihilozqualis , vel nihilo major, adeoque
A* b* #3j2*, vel==23aba, vel>28Aba;
€X quo confequitur A*a* % B b* % 23Aba
velefle unitati zqualem, velunitate minorem,
eductaque radice A 2 % B b vel eidem unitati
zqualem efle, vel eadem minorem. Eadem
facta ratiocinatione, etiam ubi n fit impar,
& 1 quantitas negativa, planum fiet, nemi-
nem ex valoribus x unitatem excedere, %uan«
0

pPUSCULUM IL 8

~do 1 non excedit % 1. Ex quo tandem colligi-
tur , valores omnes ipfius x, ubi I non exce-
dit % 1, reales efle, numeron, necmajores&1.

QEL
PoR1sMmA,

Sit 1 eofinus arcus dati radio 1 defcripti,
aliorumque proinde in jnfinitum; valores oin-

nes ipfius x eruti ex gquatione 1 x4 [ 71 =

X%V X 1 erunt totidem cofinus eoryndem

arcuum per n diviforum.
DEM

Efto sn1 ( Fig. 1. ) eirculus radio 1 defcri-
ptus, A centrum, AC = 1, Ap zqualisuni
ex valoribus x, quos unitatem non exceder.c
(Probl.n1.) inveimus, quando 1 non eft uni-

_ gate major , ut hiccontingit. Jamarcus, quo-
“rum cofinus et A ¢, funt numero infiniti ,
uia non modo arcus 8 N eundem cofinum
“habet, fedetiam B1 RN utpote zqualisBNR Vs
cujus, ur patet, cofinus eft eadem Ac; fic-
que eundem cofinum A ¢ habet arcus com-
pefitus ex tota peripheria, & arcu BN, ex
tota peripheria , & arcu BIRN, ex dupa

eripheria, &arcu N, ex dupla peripheria,
 penip ? N P piap & ar.
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& arcu B I R N, ex tripla peripheriay; &
arcit B N, ex tripla periphetia ; atque it
porto « Si itaque peripheria dicatur 2, ar-
cus N dicatur p, infinita feries arcuum ha-
bentium cofinum AC €ritDy P — Dy P=*Dy
2P—D, 2P==D, 3P—D, 3P D, &c., ar-
cus autem , quorum cofinus efle debent valo-

res ipfius x, erunt, D, P —= D, F e D _
x n n

— —_ ke .y qui
2p—D, 2P%D_ 3P—D 3P b, &c.5q
n n -3 n

feriem infinitam conftituunt , cwjus dignofci-
tur progreflus. Si horum arcuunr accipiatur
numerus == n, arcusaiji poft numerum hunc

confequentes eundem habebunt cofinum’ at-

que arcus proxime antecedentes citra nume-
rum n. Reaple fumpto in ferie fuperiori ter-
minorun numero n, terminus ille, qui lo.
cum n in eadem ferie- occupabit , erit

Y
P ——rm
‘ n

> p—D fi n fuerit par; & 22X »p{ D, ubi
n

n fuerit impar, ut feriei progrefflum confide-

rantiapparebit. Jam areus , qui proxime cons

b

fequitur arcum 3 p—D, eft T p==p_ eun-

n n:

demque cofinum habet, atque arcus antece~
dens

OPUSCULUM 1T, 83

dens 7 r—op. quia fi a periplictia p aufera.
n ) - - 7 .
tur arcus 7 p—D fuperéft! drcus 2 P+p

3
i ; P

cujus iccirco cofinus idem eft, ac¢ cofinus
argus % F- P quilibet énim_arcus; ut con-
> n. . . . \‘ N . .

ftat , eundem habet cofinum atque arcus
complemienti ad peripheriam. Eadem ratio-
he arcus 3 qui proxime confeéquitur arcum
'é ‘ E:;,' p . ST A

s 2o eft T*'Xr—p, qui pariter ob

n n

éaridém rationem - eundem cofinum habebije

T L S i

atque arcus - X P D, qui proxime antece-
n B : .

geo - .ono e ,

dit arcum JP—b . atque itd porro] arcus

.
————

a ..
f"'lfr XP*D’ f %«zX‘PG—-Di ;’l»f«zx Py D,
’ n

n n

&c. qui proxime féqu’untur poft arcum

T Xp— D, cofdem refpeCtive cofinus ha-

n

‘bene atqué arcus = _, X2 —D z-2XP¥D,
a

n

n
F 2 Py



8¢ ANALYSEOS SUBLIMIORIS

T Xp—D , &e. qui comprehenduntug

. D . .
inter 7, & 7 I?——-D; ac deniquearcus, qui

ont
a B : B 3
loeudm n occupat poft > r—n_ feu terfi-

nus 2 n feriei fuperioris, qui erit n? — D
’ b v ) T a

gundem cofinym habet atque arcus 2. Jam
vero quomam valores ipfius X ex zquatmne

————-——-—-———D

I+_u/1". ¢ == A%V I inventi (unt rea-
les, numero n, & inter fe diverfi, fatis mo-
do erit oﬁcnd,,rp s horum wvalerum quemli-
bet coﬁnum efle rc(peéhvc arcuum feriei ’;’;2

?-—-——D, B*n, 212.--n2 2p,+D, &C Ut d
- - —

n

calcula  finito  oftendatur , in zquatione
— Lm0

v I35 = yav 5T pro 1 fubrogetus

b

X
PZrrolt & el P10 X, quofacto pro-

9

s

dit

OPUSCULUWM IL 85

n

éit y*_\i::l*z\/—x&x*u/_'

. 2 i :

Vu w1 /z'ﬁt \12'*'1 .
. S _ o .
x*z\/— > e \/_ - ©
= fcup____,' R = 5_;:,__&—_5 5 unde
1~z PSR A 1=z ="

n

. ;oo ‘ >—— g
lafertur v /~i= """ T

n

i ;.»z‘/-.r - 1% 2
factoque brevitatis gratid z v/ — 15= r erit

— ——
“\,_,—- I e ., —_r
e

zn'l;i-mx‘—x:‘ * Iﬂxn—! xn-zxn-} n--4 &C
Xy XXX,

ivsXamy 2 e R XS e W&o
XX

proindeque w=ren X, X, 14 XXX Xoe S g

X XXX

- F 3 ) I —

A W
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]—'T‘l\n_"zz * an_-_x _n-—-zXn—) zf—-&c‘

2 ' DO
&: u :"L'nl-?- nX r:Xn: L;"_’an:Xr:X;.—;X; zsﬁ&cf

2,>.<~3 lXSXQXS
’-E P x" - 'X.n —zxn -3 ZL&C}
: . L .zx;x* —_3

porro fecundum hUjuS xquauon]s membrum
CXprlmlt faﬂgcn[‘cm arcus n;pli R Cujus ﬁlﬂpli
tangens fit z, ut Analyftis compertum eft ;
adeoque =+ z erit tangens arcus prioris, cu-
Jus tangens eft + u, divifi per n. Jam ar-
cuum cofinum x habentium tangens eft =+ 7,
& arcuum habentium cofinum 1 tangens eft

1

u; cumenim fit x =+, , &1 =

X —

Vi, erit z = ‘/——"*121!1_:,\/’?

X

proindeque +z, & + u erunt tangentes ar-
cauin refpondentium cofinus x, | habentium,
_Igac_;uc X eft cofinus arcus cofinum | habentis
divifi per n; ac proinde quilibet ex yaloribus
iplius X cofinus eft arcus cofinum | habentis
divifi per n, five arcus refpondentis feriei in-

venteg D, T =D P+D L,p_1n .p4
n Y Y = | T 2 T ’ _17[2 9 &'et

Er.

\3P‘ e ® qi....---. %, vcl in 0, I:P > 9

OPUSCULUM IL 8

Erco valores finguli jam inventi ipfius x funt

L Ip1US X
cofinus fingulorum arcuum relpective 2— 5

p-p r+D &c oufquead 5 p - D inclufi-
‘ n ? a ’ : —-——_-;.——-

ve , fi n eft ‘par; vel ufque ad ;_E;XP -+ D

n

inclufive,, fi n et numerus impar. Q. E. D.
Hifce in anteceflum conflitutis aygredia-
mur Cotefiani Theorematis demonitratio-
nem. '
Efto ] = 1; tum arcus p zqualis fiet to-
ti pcriphcria, yel nihilo, vel &c., & feries

P Pr—-Dp P+D 2P—-D 2P+D_ Rrc.
arcuum 7 ? ren N n 2 a0

i i ® p_ 2P 37
mutabitur in oy -y —= 5 2T 25

n n n n

b n n

4P 4P 6P 6P » 8P ’ LR "'“‘!‘l, ubl
an _zn’ an 2n an an 2n

n fuerit par, quorum arcyum cofinus erunt
( Probl.1r. ) g1, —1y25 35 €y €y KCouvvoo

Si vero n impar fuerit, arcuum o, 2%, 2%,

an

aP 4P 6P 6P s.eeee i p cofinus erunt
2n zn";n’ an —

(Probl.1.) 1, g5 25 Ps P> &C
F 4 Efto
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Efto 1 = - 1, tumarcusperit 15 &va-

loresipfius x, ubi n fuerit par, feu ( Problir.)

P
#, 1,0, 5, &C. erunt cofinus arcuum 2, —,

an

S22 3P 5P 5B e 2 —aX Py & fuppofiter

2n

an

n impari, valores ipfius X, feu: ( Probl.
cit.)—1, 0,0, 0,0, &C. cofinuserunt arcuuin

P P3P 1 P s‘P, SP ceeesseas NP DC—'
zn, nd 2 ? 2n 2n 2’ 2n

fctibatur ( Fig. 1., & ur) circulus radio 1 5
cujus peripheria concipiatur divl(a_ in partes
aquales numero 2n, adeoque femiperipheria
in paites zquales numero n. Jam, fi n fit
DULNCIUS Par, AICUS A0, A2, A4, A6, &Coy
& ifcmiperipheria erunt fciiicet arcus o 5
L 2L, proindeque arcus
A0, A2, A 4, A6, &c., & femiperipheria
habcbunt cofinus + 1, — 1, a5€, &c; &
quia 4+ 1 eft cofinusarcus A0, & —1 cofinus
femiiperipheriz, iccircoa, e, &c. cofinuserunt
reliquorum arcuum A2, A4, AG, &y &
accipi poterit a pro cofinu arcus A2, & pro
cofinuarcus A 4, &c: nihil enim detrimenti
patitur demonftratio, quamvis a,e, &¢ cofi-
nus fint diverforum arcuum f{uperioris feriei:
ar-

OPUSCULUM 1f b7
41CUs porro AI1,A 3,45, &c.,& femiperiphe.

tia dempto afcu _2!’3_ habebunt cofinus 4, x,

&ec. Sit modo nnumerusimpar, tum( Figr. )

arcus A0, A 2, A 44 40, &C.,y & femiperi-

pheria dempto arcu - habebunt cofi-
2n

nus 1, g5 py & , cumque 1 fit cofinus
arcus » 0 , erunt g, p, &c. cofinus reliquo-
TUM A 25 A 44 A 6, &c. ; & arcus a I,
A 3,45, &c, & femiperipheria habe<
bunt cofinus — r, ¢ , @, &KC ; cume
que ipfius peripheriz cofinus fit — 1, reli-
quorum iccirco A', A¥, A%, &cC. cofinus crunt
®, w, &c Jam in circulo ( Fig. v.) radio
I deferipto 5, fumpto fupra diametrum op
puncto C, quod diftet a centro A per re-
¢tam AC = x , ductaque inde ad extremum
arcus oM, cujus cofinus fit BA = a, reita

cM, hac erit — V,_',;x%; : eft enim BC

—a+xyBM =V, & cM =

J BC2 { BM2 — \/1—zaxi’x’ . ldem Continget”
licet arcus oN habeat cofinum negativam

As = —e¢; erit enim ¢s — x-—e, adeo-
que cN — VT 5(7xs - Praterea ipfaquos

que cr dudta ad exftremum arcus or =

oM erit = /T z 2 & 'cq.dué‘t’a ad
: €Xe

-
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extremum arcus OQ==ONe€rit ==y, _ .., 1.7,

1= 2ex{x?®*

Traque fi accipiatur fuper diametro alo
(Fig.nw) punétum Qejufmodi , ut fit Qe =x,

recta Qo5 Qzs Q4s QS:..... Qlo ductz ad ex-
tremitates arcuum Ao, Azy Az, A6.... AIO,

quorum cofinus funt , fuppofito n pari, 1,
a, Coveee -—I, crunt rc‘pCé}ch : I—'X,

Vot s 9/1_"&“; ceeeeny I'I'x, retz-

qQUZ Qs 5 Qs 5 Qu 5 KXC. 5 dutz ad extre-
mitates arcuum Ass 5 A, &c. refpellive -
qualium arcubus A, , A4 , &c. 5 erunt rur-

[us :—_Vl_zéxfxz ] ‘/x—zexfx" E) &e. Itaq,ue

fi dividatur peripheria circuli radio 1 defcri-
pti in partes zquales numero 2n, & apun-
cto o, ducantur re&z ad extremitates illo.
rum arcuum , qui nymerum parem earum
partium comprehendant , & infuper recta
una ad pupdtum A, a quo incipit divifio,
harum rectarym numerus erit n, earumque
productum, fi n fuerit par , erit '

_— T X y/l-aaxfx‘x Jyx-;ax{xzx \/x;ﬂei.lfxa :
.,—._'2 - -
x\/‘x-uxjx X"e's-x',,{‘x == ;—xXx‘l’x

X iorarte X maeaa X &c. = (CorolLII.

Pro.

OPUSCULUM IL ot

Probl.I.) 1—x* ; proindeque I—x" zqua.
tur producto omnium rectarum , qua e€x
punégo Q ducuntur ad extremitates arcuum
Ao, A,y AgsAG, A8y AToy A2 «veou A [T,
Eadem ratione in hypothefi n paris duétis
rectis ad extremitates arcuum AL, A3,A5 ,
&ec. , qui partium illarum, in quas integra
peripheria zqualiter divifa fuit, nameram
imparem comprechendunt 5 & quorum cofl-
nus funt ex demonftratis u, A, &c. rectz

ezxdem QI, Q3, &c. crunt:,/,_wxfx,,

Vi onieres 3 &Gy ac totidem crunt recte aliz

Qlo, Ql7, &¢. prioribus refpective aquales,
dactzque ad extremitates aliorum arcuum
prioribus zqualium . Igitur Q1 X Q3.vvvvree

x Q_‘)X Q!7X&G': 1—:-21&fo3 Xl‘-z?\xf.‘{;l X

&ec. == (Coroll.1v. Probl. IL) I==x"; adeo-

ue tandem productum omnium rectaram,
quz ex puncto Q ducuntur ad extremicates
omnium arcuum zqualium , & numero 2n,
in quos integra peripheria dividitur, com-
putata infuper retta , quee ducitur ad Jivi-

fionis initium A , videlicar Qo X (LIXQz
XQ3 X Q4XQ5X&e.=T_X . ;."=

I —x**. Haud abfimili ratione in hypothe-
fi nimparis ( Fig. it ) demonftragur productum
¢ \ 4 _ re.
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¥e¢tarum , quee ex puncto Q ducuntur ad
éxtremitates arcuum Ao, .\2, A 4, A G
&c. comptehendentium numerum parem il-
larum partium, quarum peripheria continet
2n, compurtata etiam reéta addivifionisini-
tium dudta , zquale efle 1—x*; & produ-
¢tum aliarum , qua ad reliquorum arcuum
extremitates ducuntur, zquari 1x°; ac de.
mum productum re€arum omnium , qua
ad arcuum omnium zqualium , in quos pe-
ripheria divifa fuit, exftremitates ducuntury
zquale efle 1—x2", B ,

Perfequamur modo poftremam Cotefiani
Theorematis partem , quz pleno alveo ex
demontfiratis flujt . Oftendendum igitur eft 4
trinomium x** % 21 x* 4 1 refolvi femper
pofle in fadores reales fecundj gradus, quo-
rum terminus fecundus coefficientem habeat
pendentem a divifione cireuli in arcus zqua-
les . Supponatur x*" % 21x"t1 —o0; unde

cruitur X*=%F 1%/ T ; ex quo patet x ¥
efle quantitatem realem , ubi | excedit uni-
tacem , imaginariam, fi } unitate minor fit.
Fiat 1 unitate major , eritque x*"f 21x"§
Y= s Vo X gy T . = fa-

&o ¢x duobus binomiis réalibus . Jam fi

quantitas pofitiva realisl — /72 fiat—p= 3

PUSCULUM I 93
¥y =q",% =z, Z=y,pre:
dibit x*» x 2Ix" % 1 = p" X, 7, X q°
X yogsyactumz® o 1, tum y® & I'in

factores reales fecundi gradus (Coroll.’lv,
Probl. I. ) refolventur ; ergo & trinomium
§pﬁ1m x*® % 21x" % I in eofdem re{o.lvctur,
Eadem inf}ituatur operatio in tripomio

x*"—21x"%1, quodrurfus in factores rea-
Jes refolubile efle conftabit. Sivero 1 fituni.
tate minor , tum x° pradibit = — 1 ®
v'1* —1, feu quantitati inaginariz, {i tri-
nomiam fuerit x** g 21x%y1==0,educta-

que utrimque radice gradusn , fiet x=——u

¥, _vi_1 5 pariterque x=u X

1 v 5 , defignante u radices omnes

radus n unitatis negative , feu —1, quas
pumero n gquales fupra demonf(travimus.
Hinc divifores fimplices trinomii x 22, 2!x” 5l

. 4
erunt numero 21, feu X — u X 1./1*-1=

’

& x— u X lgy/I'-1 7 | quorum uterque

umerum n diviforum complectitur . Jamve-
' ?o q'uoniam valoresipfius u tales [unt(Prpblt. L),
1V3 ] ut
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ut 5 fi per ifloram quemlibet unitatem dj.
vidas > prodeat in quotiente alter ex valo-
‘ribus ejifdem u atque ita , divifa unitate
per. omnmes fucceffive valores ipfus u; valo-
res iidem cinnes mutato licet ordipe orian.
tur -5 idcirco diviforum fimplicium  ¢rinomii
X g 21X® 2 | nuamerus n €xprimetur per

— X : TN - . .
x—u X1-v/ 23 7 ;5 ac divifores alii nume.

ro pariter n; feu X—u Xl tv/IP—I ;‘ éXprf;

mi poterunt per X—1 XW_?: ; quig

Bim.

fi in expreffione x5 ypmmms g
P X— & Xi+ v/ jomnes fuc

;efﬁvq’ ~valores ipfius fubftituantur ; exdem
quantitates Prodibunt quz jifdem faélis fub.
ftitutionibus ini formyls altera x -— 01

x1,/F—j & oriuntur . Atque inde porro

deducitur ; valores omnes x —uX1- VI1 3

.

& x—IXIt/[715 infe invicem du-
Qos efficere x** % 2 1x% o 1. Accipiantur

nunc

PUSCULUM I ¢

fiinc valores finguli formulax-uXl-/1*-1,

& horum quilibet ducatur in formulz alte-

tius Xx— 2% [+/F1 * valorem hujufmodi 5

ut u idem valeat utrobique; obtinebitur nu-
merus n diviforum fecundi gradus ,’qulom-
fies exprimentur per formulam x*—2X
T o Ly —
(uX!l-/l—1 = ¢ XIfvPE—1 ®) F1,
2

in qua fubrogatis fingulis valoribus ipﬁusdu;
prodibunt factores omnes fecundi gradus da-
ti trimonii , quorum productum f:xdcm_ tri-
fiomio x*"ew2]x"=e1 zquale erit. Porro

uXl-/Dor s g d X, BTs o
2,
3 r

—i + squg(Poris)
XI-/1=- § 2uX1-‘/F:“,q ( ,

exprimit cofinus omnes numero n arcuum

. . — P+D . 'Y’
feriei 2, P—p, 74D, 2P—=D, 211D, &g
ufque
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ufque ad arcum 7?*P—0> fi n fueritpar, &

2

- pfque ad arcum "= X rip

———, ubinfuerit
n

::113'{?;;}- ) 4¢ﬁgngnt¢ P peripheriam circulira.

diy defcnpu » D arcum , cujus cofinug

t — 1. Si ergo horum arcuum cofinug

Vocentur \ , 7, ¢, &¢. valores quantitatis

X (aXT 7 Toa 3 sl XIpwh o1 )

t 1 orti ex fubflitutione valorum omnium
ipfius u erupt X*—2¢xtr, x*—27x 1,
‘X*—2¢x%1, &c. numero n » quorum pro-
inde produGum reftituet trinomium x*" g
21x® 5 1. Itaque trinomium x4 2] x® g1
refolvi femper ‘poterit in divifores reales fe-
cundi gradus , fuppofita arcuum circularium
divifione , Eadem omnino ratione trimonii
X*2—2Ix"%1 invenientur divifores fimpli-

cesx—vXTx /Ty, 5 — vXI- 7T x

defignante v radices omnes gradus n unita.

tis pofitive , quorum alter X-VX /[ &
| ob

OPUSCULUM I o7
ob rationem jam indicatam exprimi etiam

poterit per x — Xy /= L5 &fadtum

ex ipfis 5 nimirum x*— 2 x

(vX1e/T17 g 3X1-/I013 ) p1expric
‘ 2

met factores omnes fecundi gradus dati tri-
fomii x**—21x*%1. Porro

(VXL 15 2 2 XTVTo0n ) exprimit
’ 2

(Poris. ) cofinus omnes numero n arcaum

n n n

D, =D, 2iB.&c, fumptoarcu D,cujisco-

finus it + |.Propterea fi arcuumiftorum cofinus
i s i —
fuerint m, n, r, &c habebitur T X

.xz—lgnxfx X x2 =271 x -i*x X&C.:Xm———ZIX,pI;

proindeque trinomium x*" — 2]x"a1 re-
folubile erit in factores fecundi gradus nu-
mero n , fuppofita circuli divifione in par-
tes zquales. Quod erat ultimo loco deinon-
ftrandum .

Tcmp;zs nunc et amplifimum Cotzaani
[ Then.



a8 ANALYSEOS SUBLIMIORIS

Theorematis fxcunditatem in univerfa Ana.
lyti Sublimiori ob oculos ponere , ejufque
latiflimos ufus aperire § quod in fequentious
Corollariis pra(tare conabimur.

COROLLARIUM 1.

Magnus Eulerus ( Eulerum autem cum
nomino , apicem quendam humanz fubtilis
tatis , quod de Archimede di¢tum eft , to-
tiufque Mathematicz Diiciplinz abfolutionem
animo concipio) in Opufculo nunquam fatis
iaudando Le /a Comtoverfe ente Mrs. Luibnitn,
& Bernuulli [ur les Logaritbmes des nombres ne-
Lutif & imaginaires o Memoir . de Ioscad. Roy.
des Scienc. & Bell Leur. de Berlin année 1749
veluti notum , & demonftratum ponit, for-

qMulz p* — g*, in qua n numerum quem-
libt integrum defignat , faCtorem quemcum-

que exprimi per p* — 2 pqcos. 2A 7 % 47
n

ubi A numerum quemvis integrum , atque
ctiam nibilum indigitat , # vero angulum
180° , feu dimidiam circuli petipheriam,
cvjus radius fit = 1. Hoc ex fuperius de-
menfiratis tam liquido fluity ut temporisja-
¢iuram facerem , fi nova demonfltratione
confirmarem . Ex hoc vero deducit Eulerus

~O0PUSCULUM 1L o9
p=9 (cos.—-a—:”r % fin. 227 J )

n

quia f&ta p*— 2pq cos. iM - q'=10,

& refoluta de more @quatione ; obfinetut_
. L L4

p=qecos AT g qv (cos. anT)-1,
n a

feu (qqié I —(cos.2n 7)* =(fin. 2 r):,

adeoque ( cos. A7) — 1= (fid ATy

).

P:Q(COS- A7 E fin. 2 AT Vo

COROLL: 1L

Laudatus Geometra in citats Opufculoait,
radices omne§ aleerius formule p™ + g0 ob.
tineri per refolutionem formulz p* — 5 pq
cos (:A—1f)7 s» €afdemac fupra quan-

DT 4
titates defigriantibus A 5 & = nifi quod A
in hoc cafu nuaquam fit = o Hog pariter
adeo evidens eft, & perfpicuum ex jam de-
monftratis 4 ut nova demonitratione non e-
geat . Hinc autem , ut fupra , colligicur

}’::q (COs. S LRl ) R ‘=09
n - a
3

G undy
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300 ANALYSEOS SUBLIMIGRIS
de t Jdi ( B —== ! Si n=—
unde eruuntur radices omnes formule p*+q°, ol n n=7y
fubrogatis fucceflive loco iplius A n '
g u'm.rxs F
ul ;
;nteons refpondentibus. Divifores autem (i m- ormule a7FoTl2:1 l
piices formulz ejufdem erunt P—q a’ — 2}
. Factores erunt
COS. ra2a_1)w (n. (>N —1)7 2 %ores ra de ~.‘ )
( L2220 g = ‘/_I) Fatores erunt a3
) a— 1z a*—azcos. FTi 2
CCROLL. 11l Sin—¢6 . ' . a: -——-:azcos.;wlz
: 2 - ' - 2 2 « L CF =
A 2320085742 a0 2 azc0s. S Rz
’ _S]t Formula a°.2z» Formulze : S ’ P i -
| % in=—o9
== [ 6 Sin = 5
n 2 _ 281zt Formule
9 ?
Formule Faétores erunt . VF°?‘““E5‘ a—z :
: SR as — z Faétores erunt
a*— z» a—1z Fa&ores erunt a—z
Fa&tores erunt A=~z 2z 4* 202,05, 5w == 22
A O , . 2 zadzazcosj#'i-zz
4 — & — 22705, 3T +23 a*—z2azcos § Tz a'—2azc0s. & T 2°
a ; . - 3°—2aZ COS. ¥ r=rz’ - s’ '
1 = Z A* — 247 COS. + w =~ 7> , 1°—-232.€0s. % = == 22
Sin = 4 ! Sin=38 COROLL. 1}vV. Sin =3
Formulze R o
" n n .
, ' {ormzﬂz Sit FOffF{ula a"fz Formule
at — z+4 at—z n— 4 al ¢k z3
Fadtcres erunt ~ Formule .
Factores erunt a—z a*t sk zv Fattores erunt
2, A oz Fa&tores erunt a2k z
4 o 7 aA* — 237 COS. 2 T =72 a'—-zazcos.’_#-t-z’
Al— 237008 T7 )f’—""““ ;”"‘""Z’ : a* — 2av cos. --r-}-z v —zaz cos. 5 T2

2
+, 3’&»;:’.‘& 35, J"‘F‘Z.’ . G 3 Sl

i s
Li



1ey ANALYSEOS
Sin=¢
Formule
at + z¢
Faltores erunt
a‘—2azcos. 1 gz

a*— 2azcos- .1 z*

a* —2azcos. } . T2

SUBLIMIORLS
Sin—s3ys
Formule

a’ o 2°

Fa&tores erunt

aﬂ&z ’

a* — 2az.cos, —g % g 22

A} =—232COS. ! y ,!‘z’."
¥ ;

Sin=23§
| Formulz
at '&* z"®
Fa&tores erunt
a* —2azcos. L -tz
a* —23zcos.{ . 22
a* — 2azcos.} ,.-}jz=

a*—23200s.7 5 f 2

Sin = 7
Formulx
a7 o= 27
Fa&ores erunt
a5 2z
a*—2az cos. ! gl
a’'—- 2az cos.} , g 2°

ﬂt___zazCOS.% * %z{

e~
o

GPUSCULUM f1. 103
Sin =10 Sian=g9g
Formulz Formulz
ar % zl‘ a, x z,

Fa&ores erunt Fa&ores erunt

a*—2azcos L« T2 Atz

a'——zazco.s.;'; «tz a’—-'232‘308-;'- r g Z

a*—2azcos.t v g 2*

a‘——zazcos.in;.z.ﬂ

a’ — 2azcos. 1.,{,2‘
1a

a’'—2azcos.} , #2*

a*—2zazcos. -, T 2*
a'—2azcos. % , o’

v

CorOLL V.

Refolvamus nunc Hermanniana methodo

frattionem __:

1} 2"

in fimpliciores , cum expo-

nens n eft uumerus par. Fiat binominm
1<4z2"=u, f(intque @, R’y s*, Xc factores
cjus f{upra inventi. Facta differentiatione lo-

LES bR §
garithmica erit 22tz . v & dr-
T2 v l—%l‘.n
...!‘.‘1."_ —_— dVl e nd2z {cu — ndz“_ _
z U z I a =
lxl-it
G 4 du
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d1i ndz . - — e
—5— — 2% adeoque — =
1T
7d 1T n__. 32 n3 3
Sl + . Jamvero 1++z" = q@*.r*. s*.&c.

atque iccirco du==2qQJdq. r*. s*. = 2 Rd&r

Q. st ta2sds. r. @t + &e., & ,‘*_{‘;_’.4 =

“ad ad i d —
.__%_-f-_ak___“_%s_s,.,.&c.,&

(A — 27dQ 32dR 22d8$ &C ?
Tdx Ttz T Rd T Saz

prxterca Qz-_:x—-z,u.zfzzikz = x—zhzflz)S":

12624,y &G igitur — inddTQz

T2
2p7m 22 — e 2t 2—2nz . 2zd R
~ —-— . —
x--llfl'l'}’zz 1—1/&2‘}2’; T Rer =
2 .
;7&7—112:“2%2_2,‘2 ;ZZdS:ZH-—zz::_;*
3 —2ah z-iz 1—2Azez z, sdz 1-2!11‘13

— . . . duUu
=22 5 &e. ; proindeque — T35 § n -

128zt e?

2Ty - 2= &ec. Fnwr— 2 g

2 =2z

1

= 2
1—2/12'1'1 l—-zll‘i'z

2~ 2€ 7

i &ec. Eftautem, ut conftat, n—

1~ 282+

242 —2 & = o; ergo —_— 7 tn==

Udz -

odyscuULUM IL 105
Y2y . a=2Az 2—2€62 ) —
._~_‘__~_; ) 3 "' z* &C.,& )
1=242%2 1—2azt 2z 1~36z%z
2dU oy b3, 2 2h
avUdz ' n — n r z* n n

1}z " el 4

I —2pziz 1~3rzte

2 - 2E oz
n n f&C-

2
1—z2f27T2

Si exponens 1 impar fuerit, fadtores bi-
fiomil I == z" erunt r=20z1 2% 1~202z2%2%

=2Vt aty &Gy rtzy & fadtis iildem ut
fupra, invenietur —— —

1tz

2 lé
— — z _—.——4-2—& z
n n ¥ n n wh

. 2 2
1~=202%, 1=20z"%2

> 2 ¥ "

n n z""l.ll. l—-'
_n n

2, xi‘z

1 =2y z g

CorRoLL VL

Haud abfimili methodo fractionem - - in

1=z

{uas primitivas refolvemus. Sit enim primo n nu-

merus par, faGtores binomii 1 — 2" erunt

1—2Z, 182, 1—2az8k2*, 1—2€22%

1—2cz#kz?, &c., adeoque iifdem ac afu.
pr
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3 o0 . 3 . 1 B —
prainfticutis, invenietur ——— .1 £

T ez

1~—2C2 tz

Sit fecundo n numerus impar; faétores bi-
nomii 1—~zterunt I—2Z, 1.—2 gz &z 14
1—2pzfz, I —2r2fkz, &cy
el o T I 1 2 .28
proindeque o z

n
-z T eez R

2 — 2
"‘:, - 2,,’ R "n ,-nL_;
_— X - " * &c.
1=2pzifz T=arzxuz -

Corotrir vIIL

Hinc facile patet modus integrandi fra-

&ionem —4*—, quz nullum ex diéis in-
: at e

commodum parit. Integranda fit infuper fra-
¢tio - ™4:, in qua index m fit numerus in-

n
17k 2

teger aflirmativus ;.tres occurreat cafus; vel
crit

OPUSCULUM 1L 107
erit m = n, vel m > n, vel m < n. §i

m -—__.-n,prodibit__ zmdzzidt"!}_‘i.z_n )

n -
b B ol 1=z

qua ex dictis integratur. Si vero m fit>,
vel < n, fractio :™ 4, ( Coroll v. & v1. )

1 g

in fimpliciores refolvetur, & earum quali-
bet ducetur in 2, & finguiz per notas re-
gulas ad integrationemn revocabuntur. Deni-

que fi m = n — rut formula , ™4, fiat
. ) n
1+ 2

z"Tdz o iplius integrale erit, ut conftat,

n
1 2

2+ LS. omifla conftanti , quam hic non

confidero.
Si ﬁ'a.&io ﬁlerit ._..___d‘z — faé‘a Z =ﬁ o
m n y 2
2 14 )
mutabitur in — m¥En-—2
y dy
y? o x

quz ad fuperior¢m revacatur.

Co-
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CoroOorrI ¥iIIL

P . m . ¥ 1

Si in fractione :™d.  index g negativug

1 bR
extiterit, feu — ~— r, mutabitur fradtio in
2z Mgy —*zmdttz

m
hanc 242 = 22 quz inté.
Z r I z Tt I

—

gratur ex dictis. Si fraftio integranda fues

3 R
rit 2% d2.fiaf z:yr--" eritquc 2fds =
vEet T N
t Pr-=1 . L 2™d oy .
it 4y Si fuerit — fiat rurfu$
oy RE 'l.fz? 3
4. zMyg . mrfr— 1
z vy 5, &prochbxt‘ 2 = S ANRNR. SU
: B x:'i.yt T
mrf:r—te~1 ,"F‘ M L = tomr
Ly dy Iy dy
) — ,quzcx
1hy

premiflis integratur.

. . L ;
Sit denique 254z ; flar =429 ) & frd.

I,

b B P

-]

¢tio propofita mutabitwr in , 9 Fra— — &
1Ay

P9

QrUsScCULUM m 'mg
Qs kpg—pt—: = QI pPpg—ptmy
ReYy dy % pqy b4
t
!:t’.yP' A

qua. confuctam induit formam.

Cororr ix

——
P —
-

n
Integranda itFormulaz ¢= . ga¢ S »dz
5 rdz |

m_mg - m ik
2 L a zk a
mrmeamfr ©oonfrme—am nsgrm—2m-—g
z ) Caz- %Dz : ) ce-f K
—_—— : v
[t m f—1
z toa

1
T H S_i_z____ Differentiata hac zquatio-
: R rﬂ+ al]l L - L -
2z

ne, & nibilo zquata, fadtifque fingulis ter-
minis nihilo zqualibus, eruentur valores af
fumptaram B, &, P.... K, H;proindeque ig-

W mf
zha

n
tegratio Formulz » 42_ pendebic femper ab

n
integratione formulz 2o, quamfupra in-
= +a
tegrare docuimus.
Uccurret quandoque, ut affumptarum ali.
qQ?1 B . T, Dy &c. arbitraria jgveniatur
: qa;an-



110 ANALYSEOS SUBLIMIORTYS _
quando fcilicee n > m — 1. Praterea Fof:
mala propofica algebraiceé integrabitur ubi
m = n ¥ I, evanéleente tunc affumpta 5.
Przitabit rem exemplis illuftrare ex Curva.
rum rectificatione, & quadratura deprom-
ptis . '

EXEMPLUM I

 Re@&ificanda proponatur Parabola Apcllo-
niana. Conftat, arcum Parabolicum , cujus

. ————————
abfcifla eft x; zqualem effe \dx es2%ax -

2 x

Fiat de more i/_* eritque

4x fax = x z,

de/4.x211x —_— —prdz Fiatjam ex
~——tr 1D = —t— ,
2x R

2
z —4

- . . ¢ E S
Canone fuperius tradito =iz -
———

3

z - ¢
B ; c i-&n ) 4 alE
*-C 2 7 - . . Lo, R
: = *+H Sl_di. . Inftituta dif-
zZ—g 2
i —4

e . RN 4 R
ﬁ?rcntlatxonc,prodxbxt Bz: i «=Dzd2
+Hzdz w12Bzda
2
—4HzZd2
2

8¢

- 2dz

orus:fi'ux.uu . B3
2iCrdz—4D=25 0. & fingulis terminis nihi

lo zquatis, invenietut H= §, 3 = — §;
= — {,D == 0, K vero erit arbitrariay
quia hic occurric n > m — 1, feu 2 >

2

2 — 1. Erit itaque S zdr . -

2
— i e,
274
- .2
az di 1 3 Kaa H
31— 3 az4 o, z=23K 2 zdz _ .
- a 3
zZ " 2 -4 -9
113 { 2
z 0 . 4
T p X2 Neizooeft autem— %
Y 2
2=4 z~4
. .
zd z adz 2 [ I T—y
ettt Armaen — -———
2 8 a 2
z—4 z—4
I 2> 1 3 ¥ 1iaTzw2
—— e 2 —_— - - —
v *3 2wz == " 12 %3 a2z % 8 1,_;,
2
z—4
4 ¢ 2
igitur 4y 14y Lafaea
2 2 *3 Zo=32 *
a
=4 Lot
2K
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X e, (o eft quantitas conftans addenda ),

fubrogatoque loco ipfius z valore v

2
X

prodibit S"I.’_’..‘L‘ , five arcus Parabolicus

2
z—- 4

qu:fﬁl‘us == _E V x"'ax * 3L< ax 4-1‘(-0.2‘,) e

q.\-hax—-zx

ke T LR ) 5
2

4 4)('{'31!'}'8 Jq,x»f-a—z\/\ +

Ut jam inveniatur conftans ¢ , fupponarur
X = o, tumque arcus Parabohcus evanes

cht, ut conitat; ~eritque ¢ == ¥ L1 —
X ; ac denique arcus Parabohcus —_—

2

V‘,x*ax +8L( l/q-xfafz\/))
'/q.‘(-i-a—zv.(

%‘L(R x“'nfap"'/q. xz‘fax ) '
a ’

EXEMPLUM IL

Invenienda proponatur Spatii Cifloidalis
quadratura. Sitxabfciffla Cifloidis, a diameter
Circuli genitoris. Notum eft, Cifloidis fpa-

tium zequalc efle Sx“‘d‘( — % d rds
2—1

Fs;l:

2
= LV R
2.

OPUSCULUM 1. 113
Fiat juxta confuetum Vool = Xz, erit

N 2 ‘
que inito calculo ‘S’f;d LI S _2ads .
—_ | ——3 =n

2

2
axXx=—x z’il
o R d # v
y==_. Juxta Canonem Corolharii 1x.

2

z kx

inftituatur zquatio S —daz
3
2%
32 gcawp, z f K
== —— % & §LI_, hacque de
z*' z K

more differentiata, obtinebitur —

I
Bz
3 Y Hxé
zCz -3Dz Y ¥ —zDzi"CZDI(D o;

*‘B‘* 3Bz —4KsEm
a

F3 Hs %3 Hz Fox
a3
& z

unde, fi nguhs terminis nihilo &quatis, eryj-
turH = — ], p=— __ $, C==0y D= —
—=dz

» X =, o, proindeque = == -

Z"Bx

3 S 3
2=~ 3y %

— "—'%G',&
3 1*}11

11 S 2
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2

—32adz 3 23 § 2 .
',_..-'__._"":":az—“'iaz'_ a
2 3 . o K E; dz..‘&
z’ﬁl a Y " 2

2ol z %1

Jamvero _ .. S-—,ﬂ—‘—-:fé“ o O, ST
T z T 2 2. aT

a z%k a

3+ in arcumcirculi, cujus radius fit a, tan:
*

gens a z, feu & v/ = Hic arcus vocetur

Ay & loco ipfius Z in zquatione fuperiori
fubflituatur 1 =2 otietur Spatium Ciffoi-

dale — ___ L X v a—drXate

3akax ax=x

Ut determinetur conftans s, ponaturx=—, Oy
& Spatium Cifloidale evanefcet, ut conftat,

& tangens v 7y feu v fiet =

X v A

/¢ =605 proindequearcus A evadet circum-
ferentiz quadrans, feu Q, eifque ¢ = L ¥
Q, ac denique Spatiumy Ciffoidale prodibit =

!?"x Q-4 — -} xrafaxyﬂ”‘a‘ No-

tumeft autem, tang. o= a effe tertiam pro
por-

; OPUSCULUM I 118
I . «i® gy . Y
portionalem ad tang. A, & circuli radium}
five ad . V oax—a? 9 & a, 'adcoquc té;’lg .

X
e ax

Q- A = ===; fi ergo Q— A vocetur p,

ax—x?*

erit. Spatium Cifloidale == 12_ X p —
. N 4 @

5( 1 ‘.A, - Vix—w. Ut habeatur Sp:iiium Cif-

foidale integrum infinite productum, poni de-
bet X == a, ut patet ex Sthematis infpe&tio-
De, tumque tang. p fiet = ;2 == 0o, ad-
©

S . R E'-~,;
eoque b = Q, & Spatium Guafitum =1 *
X @ Porro factuni ex radio a in periphe-
riz quadrantém o aream ferticirculi adzequat ;
area_autem {emicirculi, cujus ridius fit 4 ,
quadrupla eft arex femjcirculi radio 1 a de-
feripti, five femicirculi genitoris; ergo fa-
¢tum 1 a X o triplum eft {emicirculi genito-
ris; ac proinde Spatium ipfum Cifloidale in-
finite productum erit ejuidemi femicirculi
criplum.

CororLL =x
- Haltenus fuppofuimus exponentesn; sn, ¢

Lo n \ e e : !

Foimiule _zd2 . effe numeros integros; at
m n]‘
z 2 a

H 2 li.
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licer exponentes jidem fint fracti ratiopales
quicumque poficivi, & negativi, regula fi.
pra expolita non deficiet, fgd femper ¢ voto
cedet ubj fueritvel ™1—-n=t, vel 2t: — gy
m m '

nerus integer five affirmativus, five negati-
vus . Fiatenimvero 2%+ a®=x 2™, initoque cal-

3
culo deprchendetur 242 _ 5 ndi—m:
iy T Wa x —Id¥
. zm:‘: nm T T

Xe=3 717 2=L, qua per fuperiores Cano..

m 3

neg integratur, fi index-*~*=2=2 fuerit nu.

merus integer, five affirmativus, five ncga-
tivas. Fiat infuper »,. m _ | & predibis

Ay
= . ——— - m

mo x* oa m ). quz

1

ii 1l
z *a

pariter integratur ex dictis, fi 2*1~+ fit nu.
R m ’
merus integer affirmnativus, vel negativus..

CoroLn xr

. ]Equ.:lm hunc eft, ur nonnulla de Fradio-
nibus trinomialibus adficiamus, a quibus Tay-
loriani Problematis folutio dependet . lnte-

L . ,m
grenda fit igityr fradi ~24: _inqua
emfawg " ?

m do.

BPUSCUL U 1L (37,

I defignet numerum integrum five pofis
tivam , five negativam ,’ n numerum in-
tegrum affirmativam . Refolvatur denomi-
nator é =1 2" + gz * ", ut fupra docui-
mus, in componente$ trindrhiales quadrati-

dz

Y

W - . o M o m
cos F*, G, 15 &c. ita ut fit_=. o
n 2,
etrfrrkg. z

.o m
..;,dz

273 r&c.

F.e.1.

. Inftituatur zquatio =4, - _
. n 2n
etrfz +gz

m mtr . m
Az dz{B=z dz&(Cz _ d3{D2 d,z)I‘
2 a’

F G

m¥x m
ez dztH:zdz g &c., redullifque fradtio-
— ,
I

nibus ad eundem denominatérem, & caom-
paratis fingulis terminis inter fe invenientur
valores aflumptarum A, 3, ¢,D, E, H, &C
quibus fuo loco fubftitutis integrabuntur per
fuperiores regulas fractiones fingulz, qua tri-
nomium quadraticum in denominatore com-
plectuntur , colle&tiique fingulis terminis ob.

% ‘ oL EL T m

tinebitur integratio Fractionis - = 42
n 2

etfz+ gz .

H 3 Si
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— —_—2

m
Si fractio fuerit .z d =  multipli-

n
et fz gz
M -

centur tum numerator, tum denominatot.
per 2", & convertetur Fractio dara in hanc

m+azn

n
ghfztecz

3 . .
L " quam modo integrare decuimus .

Cororr xIL

Si f_rac’tio@ara fuerit =™ 4, fiat z =

gif‘,,qritquq L™ d 5 me

_—m x x

m - Canm

quz per, regulas traditas integratur. Si de-

Z x
nique fu¢rx§ 2% d 2 2 ™4 .

fat z =x"", & prodibit 5 "4,
3 g

mefere—ra
me x d x

- mn- -2ma
ek fx +gx -

fiubjacer.

2 e

> Quz rurfus notis regulis

BRUSCULUM I, 119

Plura hac de re dicere fuperfedeo, quum
prafertim hanc Spartam De ‘Poiynumiorum Re-
[olusione prater eximios Geometras Joannem
Bernoullium , Jacobum Hermannum, Ga.
briclem Manfredium, Julium Fagnanum ,
Jacobum Riccatum, Abrahamum De Moi.
vre, fublimem Newtonum, magnum Eule-
rum , immortalem Alembertium , aliofque
complures, nuper egregic adornaverit acu-
tiflimus , doctiflimufque Thomas le Seur ex
Minimorum Familia' in elegantiffimo Com-
mentario , cui titulus Aemoire [(ur le Calewl
Zwregral, Romz edito anno 1748; ubi nova
traditur methodus perfpicuitatis, & elegan.
tiz pleniima integrandi per Sectionum Cou
nicarum quadraturas quantitatem 4, defis
gnantibus. p, & q polynomia quzcumque ,
uti a % b x™ % cx" % &c., vel eorundem
producta , aut poteftatesintegras; quaomnia
Cl Audtor ea concinnitate, & elesantia ad
umbilicum, perducit, ut intimam penitioris
Analyfeos. cognitionem bsevi licet. Comunen-
tariolo jure admireris..

B o4 OPU.
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OPUSCULUM IIIL
'DE INVENIENDA FORMULA RADIt

Ofculatoris in Curvis ad umbilicum relatis

ex data Formula ejufdem in Curvis relas
tis ad axem , eruendifque inde Curvas
rum Evolutis.

o5¥4 Adii Ofculatoris differentialis Formua

w7 1a pro Curvis Umbilicalibus proftag
@&Red paflim apud omnes fere Calculi Dif-
ferentialis Scriprores , fubtiliter illa qui
dem inventa 4 ingeniofeque ex Cuyrvarum
hujufmodi natura deprompta; fed nemo ha-
¢tenus quod ego iciam , in animum id-
duxit eandem eruere ex Formula altera Ra-
dii Ofculatoris Curvarum ad axem relata-
ram ; cum tamen ex hac adeo eleganter,
nitideque illa deducatur , ut mirari fubeat
praftantifiimos Analyfeos Scriptores nunquam
hac de re cogitafle. Id itaque mihi fumpfi,
ut Formulam ipfam inde detivarem , nova-
que methodo generalem Forinulam pro Cut-
vatum Evolutis detegerem . Sit igitur

PROBLEMA I

Invenire methodum deducendi Formulam
Radii Ofculatoris in Curvis ad focum rela.
tis ¢X data Formula ejufdem pro Curvisre-
latis ad axem.

S O«

oYUscuruwm in Aot

SsoLUTIO

Efto (Fig. v.) Curva ABC ad focum D
Yelata , cujus invenire oporteat Radium O-
fculatorem ex data Formula Radii Ofcula-
toris Curvz alterius ad axem relatz. Voge-
tar BD z, nC dz, & arcus infiniteimus
Bn centro D intervallo DB defcriptus ex-
primatur per du. Concipiatur eadem Curva
ABC relata ad quemcumque axem DF , qui
tranfeat per focum D. Vocentur DE x , BE
y » EF dx , Cm dy . Triangula reftangula
BnC, BmC, BED binas fuppeditant zqua-
tiones dx* == dy* — dz* == du*, & 2" =
X! == y*, quarum ope inveniendus eft Ra-
dius Curvze Ofculator datus in z, & du.

Ut hoc obtineatur , in Formula generali
Radii Ofculatoris pro Curvis ad axem rela-

3
. . s 2 a
tis , fen in dx % dy

{ubrogare oportetlo.
dyddx — dxddy .

co dx, dy, ddx , ddy , valores earundem
ex binis aquationibus fuperioribus deductos.

———— B el &

3 :
2 3 o~ 2 .
Itaque pro ax'=+4" * fubflituetura, “=+a:**

uti ex fiperioribus invenitur . Porro ut erua-
tur valor quantitatis dyddx — dxddy, ani-

madverta quantitatem hanc zxqualem lc,fﬁ:
al-
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——————— 2
alteri drite—di Xay ) quz exprimic diffea
dy T )

e . _dz .
rentiale” quantitatis —g5— ductum indy* ; at.

ue idcirco. quzro primum valores. ipfarum,
dx, & dy , quibus, inventis protinus obtine-
car” valor dyddx —— dxddy expreffusdum-
taxat. per z , du , & caram differentias .
Fiat igitur zquationis z* = x* =~y* differen-
tiatio ; & prodibit zdz — xdxtydy, nnde.

colligitur dy = 2dz— xdx . Si valor ifte
fubftituatur. in, prima_zquatione. dx: +dy:—
dz*duz, obtinebitur y*dx*tz:dz* — 2z x

dxdz tx* dx* == 7} .2 Xy*s feu 7 _ X
dz* — 2zxdxdz + 77, X dx* = y*dw*;
fqd Z—yl=x, & y* ¥ x*=1z*; ergo fub-
ftiutione. facta, in, zquatione modo, inventa
orietur x'dz* — 2zxdxdztz*dx* —= y>du: ;

edudtifque radicibus alia prodit zquatio xdz
—zdx = % ydu, ex qua deducitur dx =

’fdz iYEE_ Quoniam vero zdz - xdx = ydy , fub-.
> .

¥ogato in hac valere ipfius dx modo invens
) ’ to,,

USe€r ‘
or ULUM IL 123

to, , obtinebitur 2°d z — x*d zgxydu =

Z
ydy , in qua rurfus loco z* —x* fubrogata
quantitate aquali y» , eruetur pofiremo

ydz g#xdu : o
— = — = dy. Proinde fiet -

xdz ;Ydu .

——* Ut jam dignofcatu m
zdzgxdu 7t Jam, cigholcatr, qluodna :

ex fignis , quibus quantitates ydy . & xdu
afficiuntur , fit accipiendum, fuperius ne , an
inferins , fatis erit perpendere , num in
zquatione xdz — zdx = % ydu quantitas
x'd z major , an minor fit altera zdx; ex
hoc enim protinus apparebit fignum quanti.
tati ydu, quz priorum differentiaeft, pre-
figendum . Ad hoc inveniendum triangula fi-
milia~ Brn , Cym viam fternunc . Lrit ita-
que Br:Cr = pr:rm, & componendo,
Br + Cr:nr g tm — Br : nr ; proinceque
nr 4 Cr: Br g rm< Br: pr, feu Cn: Bm
< Lrinr; fed ob triangula finulia trn, BDE
et Brinr — BD:DE; ergo erit edamn:
Bm < BD.DE, feudz: ax <z : x, adeo-
que xdz < zdx, & xdz — zdx=—
ydu. Hinc pronum eft colligere in quanti-
tatibus ydu , & xdu fignum dumtaxatin-
ferius obtinere . Erit igieur 4x . —
. ) © xdx
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xdz g ydu, & differentialeipfius _4x initd
ydz— xdu dy

calculo poft terminorum reductionem invenie-

tur ydx—_xd}'xduz tdz® + y2 1 x z)(d;.rlr‘hv-; x* ,\—-V’anddz (A :

%
yde—xdu *
Jam vero ex fuperioribuseftdx = xdz , ydu
&dy = ydz — xdu, adeoque ydx — xdy ==
z

y*du 4 x*du — z: du
z Z
@quatione (A) loco ydx—xdy {fubrogetur
zdu , & 2'pro y* o x* prodibic differen-
tiale ipfius

= zdu ; fi efgo in

dx —--zdux du? +dz24i2 dvddu—s? duddz
—————— s

dy ——— 2 ’
* ydz —xdag

- et . g
ydz & xdu
- - 9

& multiplicando per dy* , feu

zz

erit differentiale ipfius 4x_ ductumin dy-,
dy

‘hoc eft dyddx — dxddy =
du X qn: % dz* ¢ zdzddu —zduddz , ac

L

de-

OPY SCULUYUM IT. 123
. e ] —
denique 3T =12 X &
dyddx—dxddy

zdzddu —~ zduddz 1 dux.z'z.!rdll"

Inventa cft igitur Radii Ofculatoris Formu-
la pro Curvis ad focum relatis ex data
Formula ejufdem pro Curvis relatis ad
axem . Q. £; L

Determinato jam Radio Ofeqli curvarum
Umbilicalium nova, & com pendiaria methodo,
praftat nunc Curvagum carundem Evolutam
myvenire . Sit itaque

PROBLEMA IL
Curve KAD ad umbilicum B relatz E.

volutam determinare .,

SOLUTIO

Efto Curvg KAD Radius Ofculi AE,
qui Evolutam continget in E, eritque pun-
¢um E in Evoluta HEQO . Referacur &
ipla. HE® ad focum B » & inclinata BE
yOCetur q , arcus infinitefimus GE dp . Ut
hujus Curva cruatur xzquatio , fatis crit ine
venire relationem ipfarum GO » & GE da-
tam per BE, fey dq, & dp per q . Expri-
matur Radius Ofculi AE per P, cujus valor

cx Formula generali x ¥

3
4.2 4 drz2 Y

~eduddz ¢ zdzddu f‘d“XJz2fdu’

eficieeur , (ubftituendo pro du ), & ddu valo-
res earundem datos perz, dz, ddz ex zqua.
tone  Curva KAD 3 & prodibit P datu

duni-
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dumtaxat in z , & conftantibus . Diicgtur
ex foto B ad Radiam Ofculi AE perpendi.
cularis 3r . Ob triangula fimilia acp, BaF

‘erit Ap ( Vﬂz’ %du’):Ac(du)-;.;Ah(z) :
AF (zdu_____ ) ; &AD (v Tgdw )
vdz ik dw
DC(dz)=BA(z):BF (2=
(dz) (2): BE (S,
Ergo FE — AE -~ AF — P—

zdu

5 voceturque N ; qua dabis
v 4z* % dau?

tur per z tantum: BF == zdz
Viiide® > quUE
datur rurfis per z, dicatur M. Eric iccirco
BE = q == ¥N* = M* exprefla pariter per
z. Sit jam po Radius Ofculi infinite propin-
quus. Arcds minimus g0, ut conftat, aqua-
tur diflerentiz Radiorum po, & AE infinite
proximorum, five incremento ipfius AE, ni-

mirum d p. His conftitutis triangula fimilia
E GO, BF E fuppeditant analogiam B &

(Vx}T*M‘j:BF(M):Ed’(a{P):: £ G
sde

OPUSCULUM IL 3y

S Mdey ‘ : . : .
‘;;T——'l:—-—;- ) Inventus eft igitur valor ipfius
EG, feu dp datus per z, &dz, &BE, fen
q data rurfus per z. Si jam fubftituatur in
@quatione exprimente relationem inter dp;
& z valor ipfius z modo inventus, eruetut
zquatio altera, quz conftabit tantum ex q;
& dp; atque ita obtinebitur zquatio Evo-
lutz H£0 pro cafibus quibufcumque. Fa-
€tum eft igitur quod petebatur. Illuftremus
Methodiam exemplis aliquot.

EXEMPLUM I
. Sit Curva x A b Spiralis Logarithmica; cu:
jus zquatio eft du == 24z. Invenienda fit
ipfius Bvoluta HEG. Quoniam du — 2dz
erit dur = a’dz*, & ddi = add z, qui.

4
bz

bus fubrogatis in Formuld Radii Ofculatoris

o - 1 S 2
pl‘Odlt ixdzz% az R —_— z'X 2 2 2 3

dz dz%adz
b*. b2
—'azdzddz){qazdzddz.*adede’I‘l‘df adedz’rf(a’df'v’
b b i » " b b*

It

3 Vg == F. Igitur FE——p—~ _zdn
l/dlz'i‘d“z:
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azdz

b?dz*%

s

v ——

.;‘ bz Hat iidz? | ==
—_—

—az
zd 2 —

[ J y Vsl . —
VRS T SN gmeE T

b¥z
—— e . — omn—
Viargat? —M; BE = VN’-}MT' -

Il

AN a 2 a 23
Vf—;Xb‘&w"‘ 22z K az i N

.__':' =qyz== 2L. Eft autemge : BF=<EO: EG=——

dp. feu bz . bz — 47 Vgl dz;
P’ a * Vb’ﬂﬂa’ a2 e ”
—_ y.ad H J—
ergo d p=d z=243. Jamvero zquatio dp =
243 pro Evoluta nea eft ipfa aquatio Spi-
ralis Logarithmicz, ut conftat; igitur Evo-
luta Spiralis Logarithmica cft Spiralis altera.
priori zqualis, & fimilis.

EXEMDRDLUM IL

Efto Curva x Ap ad focum B relata, in
qua intercepta LA iater contadtum, & NOr-
malem ex foco in tangentem fit ubique con-
f¥ans, feu = a. Hujus Curve zquatio, five
relatio inter BA, & Ac, erit, ut facile in-

venitur, ad u =d zv 7. Determinanda.

nunc fit per fuperiprem methodum hujus
' Cur-

OPUSCULUM IL 129
Curvz Evoluta nro. Erit igitur du =

A - — 2 1 - ————
V-2 z:d uz dﬁ/.z le - a*’ddu d:z‘/z’—qi‘

“ a

2 d 22 —-—ddzxmﬂ-ldzz .
—_— T uibus va-
Pyt Ve 4

loribus fubrogatis in Formula generali Ra.

) 3
dii Ofculatoris * X\ v 4 *

— zdudds # zdzddu=~ duXr.iz.z + du? PO&

prolixum calculum, quem brevitatis gratia
cmitto, obunctitur Radius Ofculi =

S

V. = . Jam vero ob triangula fimi-

lia ACD, DAF €rit AD (;/d P e ) :
3‘

- Ac (iai‘/m) = aB(z): Ar¥

(‘/Zz_ai) — p — Ao. Evanelcet ita-

que FE, ive N; & ex analogia Ap: pc =

pa: b¥, prodibit B¥, five M = a; adeoque

pE, five YN +n® = a. Hinc inclinata

st in Evoluta HEo conflans femper erit,
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& = a; proindeque Evoluta Heo circulus
erit, cujus centrum B, radius intercepta con-
ftans 1A Curvz ex evclutione genitz KaD.
Oritur itaque Curva xAD ex evolutione cir-
culi, ejufque origo incipit in circuli periphe-
ria, tangiturque a radio ejufdem ad pun-
¢tum originis ducto, & femper recedens a
centro B per innumeras circum revoluticnes
in infinitum abit. Ceteras elegantiflimas hu.
jus Curvz affetiones confulto pratermitto,
quia non elt hic locus.

EXEMDPLUM IIL

Efto x A p , Spiralis Hyperbolica, cujusaf-
fe&tio primaria eft fubtangentem habere cone
ftantem, qua prabet zquationem zdu-—=
adz. Invenienda {itipfius Evoluta nHeo. Fx

. H —_— ad a2
aquatione Curva habetur du — 2de) 0=
%o = arddze-d
’_—‘*— ddu T, quibus valoribus fub-

R :
z z

rogatis in Formula generali Radii Ofculatoris

r ——-—-—-’

X 2 22
Tz uoke
———enns

X 2 a
zdzddu—zduddz¥kduNdz »kdu

obtinebitar Radius

ki
Cfculi, feu r — 1*9-:2;/;%; . EX autem

: ( Probl.)
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rdu

(Probl.m.) re, tu N=p — >
. dzdu

a——r
—_—

) JPC) ——

3 2 Foaz
" = 2 ¥Ka sz 2
- z Fa

I

Vo< 2 — 2 Py
akz 33 z K a.

JUSREY

S 23
2H2az s pp,feu N o— 24z
3;szyfaz v’

2 2
dz¥%kdu

* . ; BE, five V N* 5 M*, feu q =
2

10 28 6 6 ;
Y e Saater (A); pratered GE, fea

aGXzz&‘ az

dp= mdr

4 2 2
:qu.zdz%ga 2 dz%l+dz —

* 3 2 2 Tz H
N % Ma 3Vz){anVNz&<M

6 2 4
azd 2% ca zdz»{(nq'zzdz

(B); fierso ex
V 2 2 1 ) [=]
(z Fea XL 0%48225%+a‘}16*a614)

xquatione () eruatur valoripfius z datus in
9> hicque fuoftituatur in zquatione () , ob-
tinebitur zquatio , quz exprimet relationem
later q, & dp . Enimvero zquatio (A ) mu-
tatur 1n héH’lC 10 28 46 64 622 B2
_ z %4az»{<4az»{<az.—aqz—aq
S0 qu& , ut apparet , ad quintum gra-
a:am lgtc}z_nmltur. Invenietur itaque radix z

qualis functioni ipfius q, qua fubrogata in

I 2 zqua.
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aquatione altera (B), habebitur zquatio ex
fol.xs q; & d p eflormata, quaz iccirco ex-
primet naturam Evolutz HEO Spiralis Hy-
perbolicz; quod erat propofitum.
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